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Abstract

The Derivatives Sourcebook is a citation study and classification system
that organizes the many strands of the derivatives literature and assigns
each citation to a category. Over 1800 research articles are collected and
organized into a simple web-based searchable database. We have also
included the 1997 Nobel lectures of Robert Merton and Myron Scholes
as a backdrop to this literature.



Publisher’s Note

The Derivatives Sourcebook is a valuable bibliography of the literature
for the derivatives research community – both academic and profes-
sional. We felt that the Foundations and Trends format, which allows
for updating, would be ideal to keep this bibliographic effort alive and
current. In addition, the classification provided by the authors and the
links to the original articles gives the reader a tremendous reach into
the research in this area and should make finding and accessing this
research much easier.

We are grateful to the Nobel Foundation and Professors Robert C.
Merton and Myron S. Scholes for allowing us the republish their Nobel
lectures in this issue. While FnT Finance typically publishes review
articles that are commissioned, written, and reviewed for the journal
itself, we felt that there was no one better positioned to write such a
survey and these lectures provide an historic perspective of this research
topic.

We hope you find this bibliographic resource valuable, use it fre-
quently, and help us keep it current by submitting any new references
that appear in the literature. You can submit updates via our web
site <www.nowpublishers.com> and look for “Update an FnT” on the
homepage. Thank you.



1
Introduction

One of the most important breakthroughs in modern finance is the pric-
ing and hedging of derivative securities. By now, the fascinating history
of the derivatives pricing literature is well known, having been chron-
icled by a number of authors including Bernstein (1992), MacKenzie
(2006), Mehrling (2005), and Fischer Black himself (1989). Indeed, the
remarkable twists and turns leading up to the publication of Black and
Scholes (1973) and Merton (1973) is no less gripping than the story of
the discovery of the structure of DNA as told by James Watson (1968)
in The Double Helix.

But the intellectual lineage of the derivatives literature has received
somewhat less attention, partly because bibliographies are simply not
that exciting, but also because this literature has spread so widely and
so fast. We conjecture that, in the modern history of all the social
sciences, no other idea has had a bigger impact on theory and prac-
tice in such a short period of time. In academia, the impact of Black-
Scholes and Merton has been profound – their papers have led to new
insights into the dynamic structure of real and financial asset markets,
the nature of intertemporal risks and hedging activity, macroeconomic
risk exposures, and the value of flexibility in a variety of economic and,
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366 Introduction

in a few cases, non-economic contexts. And in industry, the impact of
Black-Scholes and Merton has been equally profound, becoming the
standard references and theoretical underpinnings for at least three
distinct businesses – the listed options markets, the OTC structured
products market, and the burgeoning credit derivatives market. This
breakneck pace of research and development and the many correspond-
ing industrial innovations – recall that the Black-Scholes and Merton
papers are not yet 35 years old – have left little time for reflection
on the breadth and reach of their original publications. This was the
original motivation for the Derivatives Sourcebook Project (DSP).

The DSP began in 1997 a few weeks before the Nobel Prize Award
Ceremony in Stockholm. Initially intended as a citation study of the
Black-Scholes and Merton papers, the DSP took on a life of its own.
Encouraged and supported by Bob Merton, we created a classification
system to organize the many strands of the derivatives literature, and
assigned each citation to a category. Even a cursory glance at the many
and varied categories should generate a certain degree of intellectual
vertigo in any academic – the comparison to Helen of Troy, the face that
launched a thousand ships, springs to mind. We have also placed these
citations – over 1,800 research articles – into a simple web-based search-
able database (http://lfe.mit.edu/dsp/) where researchers can search
the derivatives literature by category, author, title, and other charac-
teristics. The website will eventually allow users to submit updates to
the database which we hope to incorporate periodically, so as to allow
the DSP to evolve organically as the literature continues to develop.

Because this endeavor was prompted by the 1997 Nobel Prize, it
seems only appropriate to include the Nobel lectures of Bob Merton
and Myron Scholes here, and they are reprinted in their entirety in
Sections 2 and 3, respectively. While much has happened since those
lectures, they continue to provide a remarkably current and timely
framework for this literature. In Section 4, we provides the classification
codes and categories of the citations listed in Section 5. With many of
the citations linked to the original articles in the online version, and
the ability to update the citations database, we hope this will become
a useful tool for academics and practitioners alike.
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2
Applications of Option-Pricing Theory:

Twenty-Five Years Later*

Robert C. Merton

Graduate School of Business Administration,
Harvard University, Boston, MA 02163, USA
and
Long-Term Capital Management, L.P.,
Greenwich, CT 06831, USA

2.1 Introduction1

The news from Stockholm that the prize in economic sciences had been
given for option-pricing theory provided unique and signal recognition
to the rapidly advancing, but still relatively new discipline, within eco-
nomics which relates mathematical finance theory and finance practice.
The special sphere of finance within economics is the study of allocation
and deployment of economic resources, both spatially and across time,
in an uncertain environment. To capture the influence and interaction
of time and uncertainty effectively requires sophisticated mathemat-
ical and computational tools. Indeed, mathematical models of mod-
ern finance contain some truly elegant applications of probability and
optimization theory. These applications challenge the most powerful
computational technologies. But, of course, all that is elegant and chal-
lenging in science need not also be practical; and surely, not all that
is practical in science is elegant and challenging. Here we have both.
In the time since publication of our early work on the option-pricing

* c© The Nobel foundation 1997 used with permission.
1 This section draws on Merton (1995, 1997b).
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2.1. Introduction 369

model, the mathematically complex models of finance theory have had
a direct and wide-ranging influence on finance practice. This conjoining
of intrinsic intellectual interest with extrinsic application is central to
research in modern finance.

It was not always thus. The origins of much of the mathematics
in modern finance can be traced to Bachelier’s (1900) dissertation on
the theory of speculation, framed as an option-pricing problem. This
work marks the twin births of both the continuous-time mathematics of
stochastic processes and the continuous-time economics of derivative-
security pricing. Itô (1987) was greatly influenced by Bachelier’s work
in his development in the 1940s and early 1950s of the stochastic cal-
culus, later to become an essential mathematical tool in finance. Paul
Samuelson’s theory of rational warrant pricing, published in 1965, was
also motivated by the same piece. However, Bachelier’s important work
was largely lost to financial economists for more than a half century.
During most of that period, mathematically complex models with a
strong influence on practice were not at all the hallmarks of finance
theory. Before the pioneering work of Markowitz, Modigliani, Miller,
Sharpe, Lintner, Fama, and Samuelson in the late 1950s and 1960s,
finance theory was little more than a collection of anecdotes, rules of
thumb, and shuffling of accounting data. It was not until the end of
the 1960s and early 1970s that models of finance in academe become
considerably more sophisticated, involving both the intertemporal and
uncertainty dimensions of valuation and optimal decision-making. The
new models of dynamic portfolio theory, intertemporal capital asset
pricing, and derivative-security pricing employed stochastic differential
and integral equations, stochastic dynamic programming, and partial
differential equations. These mathematical tools were a quantum level
more complex than had been used in finance before and they are still
the core tools employed today.

The most influential development in terms of impact on finance
practice was the Black-Scholes model for option pricing. Yet paradoxi-
cally, the mathematical model was developed entirely in theory, with
essentially no reference to empirical option-pricing data as motivation
for its formulation. Publication of the model brought the field to almost
immediate closure on the fundamentals of option-pricing theory. At the
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same time, it provided a launching pad for refinements of the theory,
extensions to derivative-security pricing in general, and a wide range of
other applications, some completely outside the realm of finance. The
Chicago Board Options Exchange (CBOE), the first public options
exchange, began trading in April 1973, and by 1975, traders on the
CBOE were using the model to both price and hedge their option posi-
tions. It was so widely used that, in those pre-personal-computer days,
Texas Instruments sold a handheld calculator specially programmed
to produce Black-Scholes option prices and hedge ratios. That rapid
adoption was all the more impressive, as the mathematics used in the
model were not part of the standard mathematical training of either
academic economists or practitioner traders.

Academic finance research of the 1960s including capital asset pric-
ing, performance and risk measurement, and the creation of the first
large-scale databases for security prices essential for serious empirical
work have certainly influenced subsequent finance practice. Still the
speed of adoption and the intensity of that influence was not compa-
rable to the influence of the option model. There are surely several
possible explanations for the different rates of adoption in the 1960s
and the 1970s. My hypothesis is that manifest “need” determined that
difference. In the 1960s, especially in the United States, financial mar-
kets exhibited unusually low volatility: the stock market rose steadily,
interest rates were relatively stable, and exchange rates were fixed.
Such a market environment provided investors and financial-service
firms with little incentive to adopt new financial technology, especially
technology designed to help manage risk. However, the 1970s expe-
rienced several events that caused both structural changes and large
increases in volatility. Among the more important events were: the
shift from fixed to floating exchange rates with the fall of Bretton
Woods and the devaluation of the dollar; the world oil-price shock with
the creation of OPEC; double-digit inflation and interest rates in the
United States; and the extraordinary real-return decline in the U.S.
stock market from a peak of around 1050 on the Dow Jones Industrial
Average in the beginning of 1973 to about 580 at the end of 1974. As
a result, the increased demand for managing risks in a volatile and
structurally different economic environment contributed to the major



2.1. Introduction 371

success of the derivative-security exchanges created in the 1970s to
trade listed options on stocks, futures on major currencies, and futures
on fixed-income instruments. This success in turn increased the speed
of adoption for quantitative financial models to help value options and
assess risk exposures.

The influence of option-pricing theory on finance practice has not
been limited to financial options traded in markets or even to derivative
securities generally. As we shall see, the underlying conceptual frame-
work originally used to derive the option-pricing formula can be used to
price and evaluate the risk in a wide array of applications, both financial
and non-financial. Option-pricing technology has played a fundamental
role in supporting the creation of new financial products and markets
around the globe. In the present and in the impending future, that role
will continue expanding to support the design of entirely new financial
institutions, decision-making by senior management, and the formula-
tion of public policy on the financial system. To underscore that point,
I begin with a few remarks about financial innovation of the past, this
adumbration to be followed in later sections with a detailed listing of
applications of the options technology that include some observations
on the directions of future changes in financial services.

New financial product and market designs, improved computer and
telecommunications technology and advances in the theory of finance
during the past quarter-century have led to dramatic and rapid changes
in the structure of global financial markets and institutions. The sci-
entific breakthroughs in financial modeling in this period both shaped
and were shaped by the extraordinary flow of financial innovation which
coincided with those changes. Thus, the publication of the option-
pricing model in 1973 surely helped the development and growth of the
listed options and over-the-counter (OTC) derivatives markets. But,
the extraordinary growth and success of those markets just as surely
stimulated further development and research focus on the derivative-
security pricing models. To see this in perspective, consider some of the
innovative changes in market structure and scale of the global financial
system since 1973. There occurred the aforementioned fall of Bretton
Woods leading to floating-exchange rates for currencies; the develop-
ment of the national mortgage market in the United States which



372 Applications of Option-Pricing Theory: Twenty-Five Years Later

in turn restructured that entire industry; passage of the Employee
Retirement Income Security Act (ERISA) in 1974 with the subsequent
development of the U.S. pension-fund industry; the first money-market
fund with check writing that also took place in 1974; and the explo-
sive growth in mutual fund assets from $48 billion 25 years ago to $4.3
trillion today (a ninety-fold increase), with one institution, Fidelity
Investments, accounting for some $500 billion by itself. In this same
period, average daily trading volume on the New York Stock Exchange
grew from 12 million shares to more than 300 million. Even more dra-
matic were the changes in Europe and in Asia. The cumulative impact
has significantly affected all of us – as users, producers, or overseers of
the financial system.

Nowhere has this been more the case than in the development,
refinement and broad-based implementation of contracting technol-
ogy. Derivative securities such as futures, options, swaps and other
contractual agreements – the underlying substantive instruments for
which our model was developed – provide a prime example. Innova-
tions in financial-contracting technology have improved efficiency by
expanding opportunities for risk sharing, lowering transactions costs
and reducing information and agency costs. The numbers reported
for the global use of derivative securities are staggering (the figure of
$70 trillion appeared more than once in the news stories surround-
ing the award of the Prize and there are a number of world banking
institutions with reported multi-trillion dollar, off-balance-sheet deriva-
tive positions). However, since these are notional amounts (and often
involve double-counting), they are meaningless for assessing either the
importance or the risk-exposure to derivative securities.2 Neverthe-
less, it is enough to say here that, properly measured, derivatives are
ubiquitous throughout the world financial system and that they are
used widely by non-financial firms and sovereigns as well as by insti-
tutions in virtually every part of their financing and risk-managing
activities. Some observers see the extraordinary growth in the use of

2 Notional amounts typically represent either the total value of the underlying asset on
which payments on the derivative is determined (e.g. interest-rate swap contracts) or the
exercise price on an option. The value of the derivative contract itself is often a small
fraction of its notional amount.



2.1. Introduction 373

derivatives as fad-like, but a more likely explanation is the vast saving
in transactions costs derived from their use. The cost of implement-
ing financial strategies for institutions using derivatives can be one-
tenth to one-twentieth of the cost of executing them in the underlying
cash-market securities.3 The significance of reducing spread costs in
financing can be quite dramatic for corporations and for sovereigns:
for instance, not long ago, a 1 percent (i.e., 100-basis-point) reduction
in debt-spread cost on Italian government debt would have reduced
the deficit by an amount equal to 1.25 percent of the gross domestic
product of Italy.

Further improved technology, together with growing breadth and
experience in the applications of derivatives, should continue to reduce
transactions costs as both users and producers of derivatives move
along the learning curve. Like retail depositors with automatic-teller
machines in banks, initial resistance by institutional clients to contrac-
tual agreements can be high, but once customers use them they tend
not to return to the traditional alternatives for implementing financial
strategies.

A central process in the past two decades has been the remark-
able rate of globalization of the financial system. Even today, inspec-
tion of the diverse financial systems of individual nation-states would
lead one to question how effective integration across geopolitical bor-
ders could have realistically taken place since those systems are
rarely compatible in institutional forms, regulations, laws, tax struc-
tures, and business practices. Still, significant integration did take
place. This was made possible in large part by derivative securities
functioning as “adapters.” In general, the flexibility created by the
widespread use of contractual agreements, other derivatives, and spe-
cialized institutional designs provides an offset to dysfunctional insti-
tutional rigidities.4 More specifically, derivative-security contracting

3 See Perold (1992) for a case study illustrating the savings in transactions costs, taxes, and
custodial fees from using derivatives instead of the cash market. Scholes (1976) provides
an early analysis of the effect of taxes on option prices.

4 Scholes and Wolfson (1992) develop the principles of security and institutional design
along these lines. See also Perold (1992) and Merton (1993, 1995). Inspection of the weekly
International Financing Review will find the widespread and varied applications of finan-
cial engineering, derivatives, special-purpose vehicles and securities for private-sector and
sovereign financing in every part of the world.
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technologies provide efficient means for creating cross-border interfaces
among otherwise incompatible domestic systems, without requiring
widespread or radical changes within each system. For that reason,
implementation of derivative-security technology and markets within
smaller and emerging-market countries may help form important gate-
ways of access to world capital markets and global risk-sharing. Such
developments and changes are not limited only to the emerging-market
countries with their new financial systems. Derivatives and other con-
tracting technologies are likely to play a significant role in the financial
engineering of the major transitions required for European Monetary
Union and for the major restructuring of financial institutions in
Japan.

With this introduction as background, I turn now to the key concep-
tual and mathematical framework underlying the option-pricing model
and its subsequent applications.

2.2 General Derivation of Derivative-Security Pricing

I understand that it is customary in these lectures for the Laureates to
review the background and the process leading up to their discoveries.
Happily, there is no need to do so here since that has been done else-
where in Black (1989), Bernstein (1992, Ch. 11) Merton and Scholes
(1995), and Scholes (1998). Instead, I briefly summarize. My principal
contribution to the Black-Scholes option-pricing theory was to show
that the dynamic trading strategy prescribed by Black and Scholes to
offset the risk exposure of an option would provide a perfect hedge in
the limit of continuous trading. That is, if one could trade continuously
without cost, then following their dynamic trading strategy using the
underlying traded asset and the riskless asset would exactly replicate
the payoffs on the option. Thus, in a continuous-trading financial envi-
ronment, the option price must satisfy the Black-Scholes formula or
else there would be an opportunity for arbitrage profits. To demon-
strate this limit-case result, I applied the tools developed in my earlier
work (1969; 1971) on the continuous-time theory of portfolio selection.
My 1973 paper also extended the applicability of the Black-Scholes
model to allow for stochastic interest rates on the riskless asset, div-
idend payments on the underlying asset, a changing exercise price,
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American-type early-exercise of the option, and other “exotic” features
such as the “down-and-out” provision on the option. I am also responsi-
ble for naming the model, “the Black-Scholes Option-Pricing Model.”5

The derivations of the pricing formula in both of our 1973 papers
make the following assumptions:

I) “Frictionless” and “continuous” markets: there are no trans-
actions costs or differential taxes. Markets are open all the
time and trading takes place continuously. Borrowing and
short-selling are allowed without restriction. The borrowing
and lending rates are equal.

II) Underlying asset-price dynamics: let V = V (t) denote the
price at time t of a limited-liability asset, such as share of
stock. The posited dynamics for the instantaneous returns
can be described by an Itô-type stochastic differential equa-
tion with continuous sample paths given by

dV = [αV − D1(V,t)]dt + σV dZ

where: α ≡ instantaneous expected rate of return on the security;
σ2 ≡ instantaneous variance rate, which is assumed to depend, at most,
on V (t) and t (i.e., σ2 = σ2(V,t);dZ is a Wiener process; and D1 ≡
dividend payment flow rate. With limited liability, to avoid arbitrage,
V (t) = 0 for all t ≥ t∗ if V (t∗) = 0. Hence D1 must satisfy D1(0, t) = 0.
Other than a technical requirement of bounded variation, α can fol-
low a quite general stochastic process, dependent on V , other security
prices, or state variables. In particular, the assumed dynamics permit
a mean-reverting process for the underlying asset’s returns.

5 My 1970 working paper was the first to use the “Black-Scholes” label for their model (cf.
Merton, 1992, p. 379). This same paper was given at the July 1970 Wells Fargo Capital
Market Conference, since made “famous” (or notorious) by Bernstein (1992, p. 223) as
the one at which I “. . . inconveniently overslept . . .” the morning session and missed the
Black and Scholes presentation. The second instance naming their model was in the 1971
working-paper version of Merton (1973a). Samuelson (1972) is the first published usage:
both in the main text and in my appendix to that paper which derives the model and refers
to it as the “Black-Scholes formula.” The formula is cited in Leonard (1971) and Baldwin
(1972), the earliest theses to apply the model. Somewhat ironically, all these references
to the “Black-Scholes model” appear before the actual publication of either Black and
Scholes (1972) or (1973).
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III) Default-free bond-price dynamics: bond returns are assumed
to be described by Itô stochastic processes with continuous
sample paths. In the original Black and Scholes formulation
and for exposition convenience here, it is assumed that the
riskless instantaneous interest rate, r(t) = r, is a constant
over time.

IV) Investor preferences and expectations: investor preferences
are assumed to prefer more to less. All investors are assumed
to agree on the function σ2 and on the Itô process character-
ization for the return dynamics. It is not assumed that they
agree on the expected rate of return, α.

V) Functional dependence of the option-pricing formula: the
option price is assumed to be a twice-continuously differen-
tiable function of the asset price, V, default-free bond prices,
and time.

In the particular case of a nondividend-paying asset (D1 = 0) and a
constant variance rate, σ2, these assumptions lead to the Black-Scholes
option-pricing formula for a European-type call option with exercise
price L and expiration date T , written as

C(V,t) = V N(d) − Lexp(−r[T − t])N(d − σ
√

T − t) (2.1)

where d = (ln[V/L] + [r + σ2/2][T − t])/σ
√

T − t and N( ) is the cum-
ulative density function for the standard normal distribution.

Subsequent research in the field proceeded along three dimensions:
applications of the technology to other than financial options (which is
discussed in the next section); empirical testing of the pricing formula,
which began with a study using over-the-counter data from a dealer’s
book obtained by Black and Scholes (1972); attempts to weaken the
assumptions used in the derivation, and thereby to strengthen the foun-
dation of the applications developed from this research. The balance of
this section addresses issues of the latter dimension.

Early concerns raised about the model’s theoretical foundation came
from Long (1974) and Smith (1976), who questioned Assumption V :
namely, how does one know that the option prices do not depend on
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other variables than the ones assumed (for instance, the price of beer),
and why should the pricing function be twice-continuously differen-
tiable? These concerns were resolved in an alternative derivation in
Merton (1977b) which shows that Assumption V is a derived conse-
quence, not an assumption, of the analysis.6

A broader, and still open, research issue is the robustness of the
pricing formula in the absence of a dynamic portfolio strategy that
exactly replicates the payoffs to the option security. Obviously, the
conclusion on that issue depends on why perfect replication is not
feasible as well as on the magnitude of the imperfection. Contin-
uous trading is, of course, only an idealized prospect, not literally
obtainable; therefore, with discrete trading intervals, replication is at
best only approximate. Subsequent simulation work has shown that
within the actual trading intervals available and the volatility levels
of speculative prices, the error in replication is manageable, provided,
however, that the other assumptions about the underlying process
obtain. Cox and Ross (1976) and Merton (1976a, b) relax the con-
tinuous sample-path assumption and analyze option pricing using a
mixture of jump and diffusion processes to capture the prospect of
non-local movements in the underlying asset’s return process.7 With-
out a continuous sample path, replication is not possible and that
rules out a strict no-arbitrage derivation. Instead, the derivation of
the option-pricing model is completed by using equilibrium asset pric-
ing models such as the Intertemporal CAPM (Merton, 1973b) and the

6 As another instance of early questioning of the core model, a paper I refereed argued
that Black-Scholes must be fundamentally flawed because a different valuation formula
is derived from the replication argument if the Stratonovich (1968) stochastic calculus is
used for modeling instead of the Itô calculus. My report showed that while the paper’s
mathematics were correct, its economics were not: A Stratonovich-type formulation of the
underlying price process implies that traders have a partial knowledge about future asset
prices that the non-anticipating character of the Itô process does not. The “paradox” is
thus resolved because the assumed information sets are essentially different and hence, so
should the pricing formulas.

7 Since a discontinuous sample-path price process for the underlying asset rules out perfect
hedging even with continuous trading but a continuous-sample-path process with stochas-
tic volatility does not, there is considerable interest in testing which process fits the data
better. See Rosenfeld (1980), an early developer of such tests and Wiggins (1987).



378 Applications of Option-Pricing Theory: Twenty-Five Years Later

Arbitrage Pricing Theory (Ross, 1976a).8 This approach relates back
to the original way in which Black and Scholes derived their model
using the classic Sharpe-Lintner CAPM.9 There has developed a con-
siderable literature on the case of imperfect replication (cf. Bertsimas
et al. (1997), Breeden (1984), Davis (1997), Figlewski (1989), Föllmer
and Sondermann (1986), and Romano and Touzi (1997)).

On this occasion, I re-examine the imperfect-replication problem
for a derivative security linked to an underlying asset that is not con-
tinuously available for trading in an environment in which some assets
are tradable at any time. As is discussed in the section to follow, non-
tradability is the circumstance for several important classes of appli-
cations that have evolved over the last quarter century, which include
among others, the pricing of financial guarantees such as deposit and
pension insurance and the valuation of non-financial or “real” options.
Since the Black-Scholes model was derived by assuming that the under-
lying asset is continuously traded, questions have been raised about
whether the pricing formula can be properly applied in those appli-
cations. The derivation follows along the lines presented in Merton
(1977b, 1997b) for the perfect-replication case.

A derivative security has contractually determined payouts that can
be described by functions of observable asset prices and time. These
payout functions define the derivative. We express the terms as follows:

Let W (t) = price of a derivative security at time t.

If V (t) � V (t) for 0 ≤ t < T, then W (t) = f [V (t), t]

If V (t) � V(t) for 0 ≤ t < T, then W (t) = g[V (t), t] (2.2)

If t = T, then W (T ) = h[V (T )]

For 0 ≤ t ≤ T , the derivative security receives a payment flow rate spec-
ified by D2(V,t). The terms as described in (2.2) are to be interpreted

8 The important Breeden (1979) Consumption-based Capital Asset Pricing Model, which
was not published at the time of these papers, can also be used to complete those models.

9 See Black (1989) and Scholes (1998). Fischer Black always maintained with me that the
CAPM-version of the option-model derivation was more robust because continuous trading
is not feasible and there are transactions costs. As noted in Merton (1973a, p. 116) the
discrete-time Samuelson and Merton (1969) model also gives the Black-Scholes formula
under special conditions.



2.2. General Derivation of Derivative-Security Pricing 379

V

V (t)

V (t)

V (0)

V (0)

0
T

t

Fig. 2.1 Relevant region of V : V(t) ≤ V (t) ≤ V (t),0 ≤ t ≤ T

as follows: the first time that V (t) � V (t) or V (t) � V(t), the owner of
the derivative must exchange it for cash according to the schedule in
(2.2). If no such events occur for t < T , then the security is redeemed
at t = T for cash according to (2.2). T is called the maturity date (or
expiration date, or redemption date) of the derivative. The derivative
security is thus defined by specifying the contingent payoff functions
f,g,h,D2, and T . In some cases, the schedules or the boundaries V (t)
and V(t) are contractually specified; in others, they are determined
endogenously as part of the valuation process, as in the case of the
early-exercise boundary for an American-type option.

By arbitrage restrictions, the derivative security will have limited
liability if and only if g ≥ 0,h ≥ 0,f ≥ 0, and D2(0, t) = 0.

If (as drawn in Figure 2.1) the boundaries V(t), and V (t) are con-
tinuous functions, then because V (t) has a continuous sample path in
t by Assumption II, one has that (i) if V (t) < V(t) for some t, then
there is a t, t < t, so that V (t) = V(t) and (ii) if V (t) > V (t) for some
t, then there is a t, t < t, so that V (t) = V (t). Hence, in this case, the
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inequalities for V can be neglected in (2.2) and the only relevant region
for analysis is V(t) ≤ V (t) ≤ V (t),0 ≤ t ≤ T .

With the derivative-security characteristics fully specified, we turn
now to the fundamental production technology for hedging the risk of
issuing a derivative security and for evaluating the cost of its produc-
tion. To locate the derivation in a more substantive framework, I posit a
hypothetical financial intermediary that creates derivative securities in
principal transactions for its customers by selling them contracts which
are its obligation. It uses the capital markets or transactions with other
institutions to hedge the contractual liabilities so created by dynami-
cally trading in the underlying securities following a strategy designed
to reproduce the cash flows of the issued contracts as accurately as it
can. If the intermediary cannot perfectly replicate the payoffs to the
issued derivative, it either obtains adequate equity to bear the residual
risks of its imperfectly hedged positions or it securitizes those positions
by bundling them into a portfolio for a special-purpose financial vehi-
cle which it then sells either in the capital market or to a consortium
of other institutions in a process similar to the traditional reinsurance
market. Although surely a caricature, the following description is nev-
ertheless not far removed from real-world practice.

The objective is to find a feasible, continuous-trading portfolio strat-
egy constructed from all available traded assets including the riskless
asset that comes “closest” to satisfying the following four properties: if
P (t) denotes the value of the portfolio at time t, then for 0 ≤ t ≤ T :

(i) at t, if V (t) = V(t), then P (t) = g[V(t), t]
(ii) at t, if V (t) = V (t), then P (t) = f [V (t), t]
(iii) for each t, the payout rate on the portfolio is D2(V,t)dt
(iv) at t = T , P (T ) = h[V (T )].

Call this portfolio the “hedging portfolio” for the derivative security
defined by (2.2). That portfolio is labeled as “portfolio (*).” In the
special, but important, case in which the portfolio meets the above
conditions exactly, the hedging portfolio is called the “replicating port-
folio” for the derivative security.

Bertsimas et al. (1997) study the complementary problem of “close-
ness” of dynamic replication where they assume that one can trade
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in the underlying asset but that trading is not continuous. They
apply stochastic dynamic programming to derive optimal strategies
to minimize mean-squared tracking error. These strategies are then
employed in simulations to estimate quantitatively how close one can
get to dynamic completeness.

Determine the optimal hedging portfolio in two steps: first, find the
portfolio strategy constructed from all continuously traded assets
that has the smallest “tracking error” in replicating the returns on
the underlying asset. For the underlying asset with price V , call this
portfolio, the “V -Fund.” In the second step, derive the hedging port-
folio for the derivative security as a dynamic portfolio strategy mixing
the V -Fund with the riskless asset.

Let Si(t) denote the price of continuously traded asset i at time t.
There are n such risky assets plus the riskless asset which are traded
continuously. The dynamics for Si are assumed to follow a continuous-
sample-path Itô process given by

dSi = αiSi dt + σiSi dZi, i = 1, . . . ,n (2.3)

where αi is the instantaneous expected rate of return on asset i;dZi

is a Wiener process; σij is the instantaneous covariance between the
returns on i and j [that is, (dSi/Si)(dSj/Sj) = σij dt and σii = σ2

i ]; let
ηi be defined as the instantaneous correlation between dZi and dZ in
Assumption II such that dZidZ = ηi dt. Let S(t) denote the value of
the V -Fund portfolio and let wi(t) denote the fraction of that portfolio
allocated to asset i, i = 1, . . . ,n, at time t. The balance of the portfolio’s
assets are invested in the riskless asset. The dynamics for S can be
written as

dS = [µS − D1(V,t)]dt + δS dq (2.4)

where µ = r +
∑n

i=1 wi(t)[αi − r], δ2 =
∑n

i=1
∑n

j=1 wi(t)wj(t)σij and
dq = [

∑n
i=1 wi(t)σidZi]/δ.

To create the V -Fund, the wi are chosen so as to minimize the
unanticipated part of the difference between the return on the under-
lying asset and the traded portfolio’s return. That is, at each point
in time, the portfolio allocation is chosen so as to minimize the
instantaneous variance of [dS/S − dV/V ]. As shown in Merton (1992,
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Theorem 15.3; p. 501) the portfolio rule that does this is given by

wi(t) = σ

n∑
k=1

vki σk ηk, i = 1, . . . ,n. (2.5)

where vki is the kth-ith element of the inverse of the variance-covariance
matrix of the returns on the n risky continuously traded assets. From
Merton (1992, p. 502), the instantaneous correlation between the
returns on the V -Fund and the underlying asset, ρdt = dZdq, can be
written as

ρ =

(
n∑

k=1

n∑
i=1

vki σk σi ηk ηi

)1/2

(2.6)

and

δ = ρσ. (2.7)

The dynamics of the tracking error can thus be written as

dS/S − dV/V = (µ − α)dt + θdb (2.8)

where θ2 = (1 − ρ2)σ2 and the Wiener process db = (ρdq − dZ)/√
1 − ρ2. As shown in Merton (1992, eq. 15.51), it follows that

dSi/Si db = 0, i = 1, . . . ,n. (2.9)

That is, the tracking error in (2.8) is uncorrelated with the returns
on all traded assets, which is a consequence of picking the portfolio
strategy that minimizes that error.

With this, we now proceed with a “cookbook-like” derivation of
the production process for our hypothetical financial intermediary to
best hedge the cash flows of the derivative securities it issues. The
derivation begins with a description of the activities for the intermedi-
ary’s quantitative-analysis (“quant”) department which is responsible
for gathering the variance-covariance information necessary to use (2.5)
to construct and maintain the V -Fund portfolio. It is also assigned the
responsibility to solve the following linear parabolic partial differential
equation for F [V,t]

0 = 1/2σ2(V,t)V 2F11[V,t] + [rV − D1(V,t)]F1[V,t]

− rF [V,t] + F2[V,t] + D2(V,t) (2.10)
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subject to the boundary conditions: for V(t) ≤ V ≤ V (t) and t < T ,

F [V (t), t] = f [V (t), t] ≥ 0 (2.11)

F [V(t), t] = g[V(t), t] ≥ 0 (2.12)

F [V,T ] = h[V ] ≥ 0 (2.13)

where F11 ≡ ∂2F/∂V 2,F1 ≡ ∂F/∂V ; and F2 ≡ ∂F/∂t. Note that the
non-negativity conditions in (2.11)–(2.13) together with D2(0, t) = 0
implies that the derivative security has limited liability. As a mathe-
matical question, this is a well-posed problem, and a solution to (2.10)–
(2.13) exists and is unique.

Having solved for the function F [V,t], the quant department has
the prescribed ongoing tasks at each time t(0 ≤ t ≤ T ) to:

(i) ask the trading desk for the prices of all traded assets neces-
sary to determine the price S(t) of the V -Fund and the best
estimate of the current price of the underlying asset, V (t);

(ii) compute from the solution to (2.10)–(2.13) compute

M(t) ≡ F1[V (t), t]V (t);

(iii) tell the trading desk that the strategy of portfolio (*) requires
that $M(t) be invested in the V -Fund for the period t to
t + dt;

(iv) compute Y (t) ≡ F [V (t), t] and store Y (t) in the intermedi-
ary’s data files for (later) analysis of the time series (i.e.,
stochastic process) Y (t).

The prescription for the execution or trading-desk activities of the inter-
mediary is as follows: At time t = 0, give the trading desk $P (0) as an
initial funding (investment) for portfolio (*) which contains the V -Fund
asset and the riskless asset. Let P (t) denote the value of portfolio (*)
at t, after having made any prescribed cash distribution (payment) from
the portfolio. The trading desk has the job at each time t(0 ≤ t ≤ T ) to:

(a) determine the current prices of the underlying asset, V (t) and
all individual traded assets held in the V -Fund, and send that
price information to the quant department;
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(b) pay a cash distribution of $D2[V (t), t]dt to the customer hold-
ing the derivative security; by selling securities in the port-
folio (if necessary);

(c) compute the value of the balance of the portfolio, P (t);
(d) receive instructions on M(t) from the quant department;
(e) readjust the portfolio allocation so that $M(t) is now in-

vested in the V -Fund and $[P (t) − M(t)] is invested in the
riskless asset.

It follows that the dynamics for the value of portfolio (*) are given by

dP = M(t)
dS

S
+ M(t)

D1(V,t)
S

dt + [P − M(t)]rdt − D2(V,t)dt

(2.14)
where

M(t)
dS

S
= price appreciation

M(t)
D1(V,t)

S
dt = dividend payments received into the portfolio

[P − M(t)]r dt = interest earned by the portfolio

D2(V,t)dt = cash distribution to customer

Noting that M(t) = F1[V,t]V , one has by substitution from (2.4) into
(2.14) that the dynamics of P satisfy

dP = F1[V,t]V dS/S + F1[V,t]V D1(V,t)/S

+ (P − F1[V,t]V )rdt − D2(V )dt (2.15)

= [F1V (µ − r) + rP − D2]dt + F1V δdq

Return now to the quant department to derive the dynamics for Y (t).
From (iv), one has that Y (t) = F [V,t] for V (t) = V . Because F is
the solution to (2.10)–(2.13), F is a twice-continuously differentiable
function of V and t. Therefore, we can apply Itô’s lemma, so that for
V (t) = V ,

dY = F1[V,t]dV + F2[V,t]dt + 1/2F11[V,t](dV )2

= [1/2σ2V 2F11 + F1(αV − D1) + F2]dt + F1V σdZ (2.16)
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because (dV )2 = σ2V 2dt. Because F [V,t] satisfies (2.10), one has that

1/2σ2V 2F11 − D1F1 + F2 = rF − rV F1 − D2 (2.17)

Substituting (2.17) into (2.16), one can rewrite (2.16) as

dY = [F1(α − r)V + rF − D2]dt + F1V σdZ (2.18)

Note that the calculation of Y (t) and its dynamics by the quant depart-
ment in no way requires knowledge of the time-series of values for port-
folio (*), {P (t)}, that are calculated by the trading desk. Putting these
two time-series together, we define Q(t) ≡ P (t) − Y (t). It follows that
dQ = dP − dY . Substituting for dP from (2.15) and for dY from (2.18),
rearranging terms using (2.8), one has that

dQ = rQdt + F1V (dS/S − dV/V )

= (rQ + F1V [µ − α])dt + F1V θdb. (2.19)

At this point, we digress to examine the special case in which perfect
replication of the return on the underlying asset obtains (i.e., ρ = 1 and
there is no tracking error). In that case, equation (2.19) reduces to an
ordinary differential equation (Q̇/Q = r) with solution

Q(t) = Q(0)exp(rt) (2.20)

where Q(0) = P (0) − Y (0) = P (0) − F [V (0),0]. Therefore, if the ini-
tial funding provided to the trading desk for portfolio (*) is chosen so
that P (0) = F [V (0),0], then from (2.20), Q(t) ≡ 0 for all t and

P (t) = F [V (t), t] (2.21)

By comparison of (2.11)–(2.13) with (2.2), one has from (2.21) that
the (*)-portfolio strategy generates the identical payment flows and
terminal (and boundary) values as the derivative security described at
the outset of this analysis. That is, for a one-time, initial investment
of $F [V (0),0], a feasible portfolio strategy has been found that exactly
replicates the payoffs to the derivative security. Thus, $F [V (0),0] is the
cost to the intermediary for producing the derivative. If the derivative
security is traded, then to avoid (“conditional”) arbitrage (conditional
on σ,r,D1), its price must satisfy

W (t) = P (t) = F [V (t), t]. (2.22)
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Since the absence of arbitrage opportunities is a necessary condition for
equilibrium, it follows that equilibrium prices for derivative securities
on continuously tradable underlying assets must satisfy (2.22). This is,
of course, the original Black-Scholes result and the V -Fund degener-
ates into a single asset, the underlying asset itself. However, note that
(2.22) obtains without assuming that the derivative-pricing function is
a twice-continuously differentiable function of V and t. The smoothness
of the pricing function is instead a derived conclusion.

Note further that the development of the (*)-portfolio strategy did
not require that the derivative security (defined by (2.2)) actually
trades in the capital market. The (*)-portfolio strategy provides the
technology for “manufacturing” or synthetically creating the cash flows
and payoffs of the derivative security if it does not exist. That is, if one
describes a state-contingent schedule of outcomes for a portfolio (i.e.
specifies f,g,h,D2,T,V(t),V (t)), then the (*)-portfolio strategy pro-
vides the trading rules to create this pattern of payouts and it specifies
the cost of implementing those rules. The cost of creating the security
at time t is thus F [V (t), t]. Moreover, if the financial-services industry
is competitive, then price equals marginal cost, and (2.22) obtains as
the formula for equilibrium prices of derivatives sold directly by inter-
mediaries.

Returning from this digression to the case of imperfect replica-
tion, one has, by construction of the process for Y , that Q = P − Y is
the cumulative arithmetic tracking error for the hedging portfolio. By
inspection of (2.19), the instantaneous tracking error for the derivative
security is perfectly correlated with the tracking error of the V -Fund.
Hence, from (2.9), it follows that the tracking error for the hedging
portfolio is uncorrelated with the returns on all continuously traded
assets. Using this lack of correlation with any other traded asset, I now
argue that in this case the replication-based valuation can be used for
pricing the derivative security even though replication is not feasible.

As we know, in all equilibrium asset-pricing models, assets that have
only non-systematic or diversifiable risk are priced to yield an expected
return equal to the riskless rate of interest. The condition satisfied by
the tracking error component of the hedging portfolio satisfies an even
stronger no-correlation condition than either a zero-beta asset in the
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CAPM, a zero multibeta asset of the Intertemporal CAPM, or a zero
factor-risk asset of the Arbitrage Pricing Theory. Thus, by any of those
theories, the equilibrium condition from either (2.8) or (2.19) is that

µ = α. (2.23)

If (2.23) obtains, it follows immediately that the equilibrium price for
the derivative security is F [V (t), t], the same formula “as if” the under-
lying assets traded continuously. And as a consequence, the Black-
Scholes formula would apply even in those applications in which the
underlying asset is not traded.

As is well known from the literature on incomplete markets, (2.23)
need not obtain if the creation of the new derivative security helps com-
plete the market for a large enough subset of investors that the incre-
mental dimension of risk spanned by this new instrument is “priced” as
a systematic risk factor with an expected return different from the risk-
less interest rate. Markets tend to remain incomplete with respect to a
particular risk either because the cost of creating the securities neces-
sary to span that risk exceeds the benefits, or because non-verifiability,
moral-hazard, or adverse-selection problems render the viability of such
securities untenable. Generally, major macro risks for which significant
pools of investors want to manage their exposures are not controllable
by any group of investors, and it is unlikely that any group would have
systematic access to materially better information about those risks.
Hence, the usual asymmetric-information and incentive reasons given
for market failure do not seem to be present. In systems with well-
developed financial institutions and markets and with today’s finan-
cial technology, it is thus not readily apparent what factors make the
cost of developing standardized derivative markets (e.g., futures, swaps,
options) prohibitive if, in large scale, there is a significant premium
latently waiting to be paid by investors who currently participate in
the markets. On a more prosaic empirical note, in most applications
of the option-pricing model, the “residual” or tracking-error variations
are likely to be specific to the underlying project, firm, institution, or
person, and thereby they are unlikely candidates for macro-risk surro-
gates. These observations support the prospects for (2.23) to obtain.
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However, the risk need not be macro in scope in order to be signif-
icant to one investor or a small group of investors. Obvious examples
of such risks would be various firm- or person-specific components of
human capital, including death and disability risks. To make a case
for instruments with these types of exposures to be priced with a
risk premium, incomplete-market models often focus on the “incipient-
demand” (or “maximum reservation”) price or risk premium that an
investor would pay to eliminate a risk that is not covered in the mar-
ket by the existing set of securities. In the abstract, that price, of
course, can be quite substantial. However, arguments along these lines
to explain financial product pricing implicitly assume a rather modest
and static financial-services sector. A classic example is life insurance.
Risk-averse individuals with families may, if necessary, be willing to
pay a considerable premium for life insurance, well in excess of the
actuarial mortality risk, even after taking into account moral-hazard
and person-specific informational asymmetries. Moreover, if the analy-
sis further postulates a financial sector so crude that bilateral contracts
between risk-averse individuals are the only way to obtain such insur-
ance, then the equilibrium price for such insurance in that model can
be so large that few, if any, contracts are created. But, such models
are a poor descriptor of the real world. If the institutions and markets
were really that limited, the incentives for change and innovation would
be enormous. Modern finance technology and experience in implement-
ing it provide the means for such change. And if, instead, one admits
into the model just the classic mechanism for organizing an “insur-
ance” institution (whether government-run or private-sector) to take
advantage of the enormous diversification benefits of pooling such risks
and subdividing them among large numbers of participants, then the
equilibrium price equals the “supply” price of such insurance contracts
which approaches the actuarial rate.

As is typical in analyses of other industries, the equilibrium prices
of financial products and services are more closely linked to the costs
of the efficient producers than to the inefficient ones (except perhaps
as a very crude upper bound to those prices). Furthermore, the institu-
tional structure of the financial system is neither exogenous nor fixed.
In theory and in practice, that structure changes in response to chang-
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ing technology and to profit-opportunities for creating new products
and existing products more efficiently. As discussed at length else-
where (Merton, 1992, pp. 457–467; 535–536), a financial sector with
a rich and well-developed structure of institutions can justify a “quasi-
dichotomy” modeling approach to the pricing of real and financial
assets that employs “reduced-form” equilibrium models with a simple
financial sector in which all agents are assumed to be minimum-cost
information processors and transactors. However, distortions of insights
into the real world can occur if significant costs for the agents are intro-
duced into that model while the simple financial sector is retained as
an unchanged assumption. Put simply, high transaction and informa-
tion costs for most of the economy’s agents to directly create their own
financial products and services does not imply that equilibrium asset
prices are influenced by those high costs, as long as there is an effi-
cient financial-service industry with low-cost, reasonably competitive
producers.

In considering the preceding technical analysis, one might wonder
if there are relevant situations in which the price is observable but
trade in the asset cannot take place? One common class of real-world
instances is characterized as follows: consider an insurance company
that has guaranteed the financial performance of the liabilities of a
privately-held opaque institution with a mark-to-market portfolio of
assets. The market value of that portfolio (corresponding to V in the
analysis here) is provided to the guarantor on a continuous basis, but
the portfolio itself cannot be traded by the guarantor to hedge its expo-
sure because it does not know the assets held within the portfolio. Else-
where (Merton, 1997a), I have developed a model using an alternative
approach of incentive-contracting combined with the derivative-security
technology to analyze the problem of contract guarantees for an opaque
institution. It is nevertheless the case that discontinuous tradability
of an asset is often accompanied by discontinuous observations of its
price. And so, the combination of the two warrants attention. Hence,
I complete this section with consideration of how to modify the valua-
tion formula if the price of the underlying asset V is not continuously
observable.
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Suppose that in the example adopted in this section, the price of the
underlying asset is observed at t = 0 and then again at the maturity of
the derivative contract, t = T . In between, there is neither direct obser-
vation nor inferential information from payouts on the asset. Hence,
D1(V,t) = 0, and the derivative security has no payouts or interim
“stopping points” prior to maturity [as specified in (2.11) and (2.12)]
contingent on V (t). It is however known that the dynamics of V are
as described in Assumption II with a covariance structure with avail-
able traded assets sufficiently well specified to construct the V -Fund
according to (2.5). Define the random variable X(t) ≡ V (t)/S(t), the
cumulative proportional tracking error, with X(0) = 1. By applying
Itô’s lemma, one has from (2.8), (2.9), and (2.23) that the dynamics
for X can be written as

dX = θX db. (2.24)

It follows from (2.24) that the distribution for X(t), conditional on
X(0) = 1, is lognormal with the expected value of X(t) equal to 1 and
the variance of ln[X(t)] equal to θ2t. The partial differential equation
for F , corresponding to (2.10), that determines the hedging strategy,
uses as its independent variable the best estimate of V (t), which is S(t),
and it is written as

0 = 1/2δ2S2F11[S,t] + rSF1[S,t] − rF [S,t] + F2[S,t], (2.25)

subject to the terminal-time boundary condition that for S(T−) = S,

F [S,T ] = E{h(SX)} (2.26)

where h is as defined in (2.13), X is a lognormally distributed random
variable with E{X} = 1 and variance of ln[X] equal to θ2T and E{T}
is the expectation operator over the distribution of X.

Condition (2.26) reflects the fact that for all t < T , the best esti-
mate of V (t) is S(t). However, at t = T,V (T ) is revealed and the value
of S “jumps” by the total cumulative tracking error of X(T ) from
its value S at t = T − to S(T ) = V (T ). The effect of the underlying
asset price not being observable is perhaps well-illustrated by com-
paring the solution for the European-type call option with the classic
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Black-Scholes solution given here in (2.1). The solution to (2.25) and
(2.26) with h(V ) = max[0,V − L] is given by, for 0 < t < T ,

F [S,t] = SN(u) − Lexp(−r[T − t])N(u − √
γ) (2.27)

where u = (ln[S/L] + r[T − t] + γ/2)/
√

γ,γ = δ2(T − t) + θ2T , and
N( ) is the cumulative density function for the standard normal
distribution.

By inspection of (2.1) and (2.27), the key difference in the option-
pricing formula with and without continuous observation of the under-
lying asset price is that the variance over the remaining life of the
option does not go to zero as t approaches T , because of the “jump”
event at the expiration date corresponding to the cumulative effect of
tracking error.

This section has explored conditions under which the Black-Scholes
option-pricing model can be validly applied to the pricing of assets
with derivative-security-like structures, even when the underlying asset-
equivalent is neither continuously traded nor continuously observable.
A fuller analysis of this question would certainly take account of the
additional tracking error that obtains as a consequence of imperfect
dynamic trading of the V -Fund portfolio, along the lines of Bertsimas
et al. (1997). However, a more accurate assessment of the real-world
impact should also take into account other risk-management tools that
intermediaries have to reduce tracking error. For instance, as devel-
oped in analytical detail in Merton (1992, pp. 450–457) intermediaries
need only use dynamic trading to hedge their net derivative-security
exposures to various underlying assets. For a real-world intermediary
with a large book of various derivative products, netting, which in
effect extends the capability for hedging to include trading in securi-
ties with “non-linear” pay-off structures, can vastly reduce the size and
even the frequency of the hedging transactions necessary to achieve an
acceptable level of tracking error. Beyond this, as part of their optimal
risk management, intermediaries can “shade” their bid and offer prices
among their various products to encourage more or less customer activ-
ity in different products to help manage their exposures. The limiting
case when the net positions of customer exposures leaves the interme-
diary with no exposure is called a “matched book.”
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2.3 Applications of the Option-Pricing Technology

Open the financial section of a major newspaper almost anywhere in
the world and you will find pages devoted to reporting the prices of
exchange-traded derivative securities, both futures and options. Along
with the vast over-the-counter derivatives market, these exchange mar-
kets trade options and futures on individual stocks, stock-index and
mutual-fund portfolios, on bonds and other fixed-income securities of
every maturity, on currencies, and on commodities including agricul-
tural products, metals, crude oil and refined products, natural gas,
and even electricity. The volume of transactions in these markets is
often many times larger than the volume in the underlying cash-market
assets. Options have traditionally been used in the purchase of real
estate and the acquisition of publishing and movie rights. Employee
stock options have long been granted to key employees and today
represent a significantly growing proportion of total compensation,
especially for the more highly paid workers in the United States. In
all these markets, the same option-pricing methodology set forth in
the preceding section is widely used both to price and to measure
the risk exposure from these derivatives (cf. Jarrow and Rudd (1983)
and Cox and Rubinstein (1985)). However, financial options represent
only one of several categories of applications for the option-pricing
technology.

In the late 1960s and early 1970s when the basic research leading
to the Black-Scholes model was underway, options were seen as rather
arcane and specialized financial instruments. However, both Black and
Scholes (1972, 1973) and I (Merton, 1970, 1974) recognized early on in
the research effort that the same approach used to price options could
be applied to a variety of other valuation problems. Perhaps the first
major development of this sort was the pricing of corporate liabilities,
the “right-hand side” of the firm’s balance sheet. This approach to valu-
ation treated the wide array of instruments used to finance firms such as
debentures, convertible bonds, warrants, preferred stock, and common
stock (as well as a variety of hybrid securities) as derivative securities
with their contractual payouts ultimately dependent on the value of the
overall firm. In contrast to the standard fragmented valuation methods
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of the time, it provided a unified theory for pricing these liabilities.
Because application of the pricing methodology does not require a his-
tory of trading in the particular instrument to be evaluated, it was
well-suited for pricing new types of financial securities issued by corpo-
rations in an innovating environment. Applications to corporate finance
along this line developed rapidly.10

“Option-like” structures were soon seen to be lurking everywhere;
thus there came an explosion of research in applying option-pricing
theory which still continues. Indeed, I could not do full justice to the list
of contributions accumulated over the past 25 years even if this entire
paper were devoted to that endeavor. Fortunately, a major effort to do
just that is underway and the results will soon be available (Jin et al.,
forthcoming). The authors have generously shared their findings with
me. And so, I can convey here some sense of the breadth of applications
and be necessarily incomplete without harm.

The put option is a basic option which gives its owner the right
to sell the underlying asset at a specified (“exercise”) price on or
before a given (“expiration”) date. When purchased in conjunction
with ownership of the underlying asset, it is functionally equivalent to
an insurance policy that protects its owner against economic loss from
a decline in the asset’s value below the exercise price for any reason,
where the term of the insurance policy corresponds to the expiration
date. Hence, option-pricing theory can be applied to value insurance
contracts. An early insurance application of the Black-Scholes model
was to the pricing of loan guarantees and deposit insurance (cf. Merton,
1977a). A contract that insures against losses in value caused by default
on promised payments on a contract in effect is equivalent to a put
option on the contract with an exercise price equal to the value of the
contract if it were default-free. Loan and other contract guarantees, col-
lectively called credit derivatives, are ubiquitous in the private sector.
Indeed, whenever a debt instrument is purchased in which there is any
chance that the promised payments will not be made, the purchaser is
not only lending money but also in effect issuing a loan guarantee as

10 See Merton (1992, pp. 423–427) for an extensive list of references. See also Hawkins (1982)
and Brennan and Schwartz (1985a) and the early empirical testing by Jones et al. (1984).
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a form of self-insurance. Another private-sector application of options
analysis is in the valuation of catastrophic-insurance reinsurance con-
tracts and bonds.11 Dual funds and exotic options provide various
financial insurance and minimum-return-guarantee products.12

Almost surely, the largest issuer of such guarantees are governments.
In the United States, the Office of the Management of the Budget is
required by law to value those guarantees. The option model has been
applied to assess deposit insurance, pension insurance, guarantees of
student loans and home mortgages, and loans to small businesses and
some large ones as well.13 The application to government activities
goes beyond just providing guarantees. The model has been used to
determine the cost of other subsidies including farm-price supports and
through-put guarantees for pipelines.14 It has been applied to value
licenses issued with limiting quotas such as for taxis or fisheries or
the right to pollute and to value the government’s right to change
those quotas.15 Government sanctions patents. The decision whether
to spend the resources to acquire a patent depends on the value of
the patent which can be framed as an option-pricing problem. Indeed,
even on something that is not currently commercial, one may acquire
the patent for its “option value,” should economic conditions change
in an unexpected way.16 Paddock et al. (1988) show that option value
can be a significant proportion of the total valuation of government-
granted offshore drilling rights, especially when current and expected
future economic conditions would not support development of the fields.

11 cf. Kraus and Ross (1982), Doherty and Garven (1986), Cummins (1988), Cummins and
Geman (1995), and Harrington et al. (1995).

12 Brennan and Schwartz (1976), Ingersoll, Jr. (1976), Goldman et al. (1979), Gatto et al.
(1980), and Stulz (1982). In an early real-world application, Myron Scholes and I devel-
oped the first options-strategy mutual fund in the United States, Money Market/Options
Investments, Inc., in February 1976. The strategy which invested 90 percent of its assets
in money market instruments and ten percent in a diversified portfolio of stock call
options provided equity exposure on the upside with a guaranteed “floor” on the value
of the portfolio. The return patterns from this and similar “floor” strategies were later
published in Merton et al. (1978, 1982).

13 Sosin (1980), Baldwin et al. (1983), Cunningham and Hendershott (1984), Marcus (1987),
Bodie et al. (1992), Bodie (1996), Mody (1996), and Neal (1996).

14 Mason and Merton (1985), Turvey and Amanor-Boadu (1989) and Kang and Brorsen
(1995).

15 Anderson (1987) and Karpoff (1989).
16 Trigeorgis (1993).
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Option-pricing analysis quantifies the government’s economic decision
whether to build roads in less-populated areas depending on whether
it has the policy option to abandon rural roads if they are not used
enough.17

Various legal and tax issues involving policy and behavior have been
addressed using the option model. Among them is the valuation of
plaintiffs’ litigation options, bankruptcy laws including limited-liability
provisions, tax delinquency on real estate and other property as an
option to abandon or recover the property by paying the arrears, tax
evasion, and valuing the tax “timing” option for the capital-gains tax in
a circumstance when only realization of losses and gains on investments
triggers a taxable event.18

In a recent preliminary study, the options structure has been
employed to help model the decision of whether the Social Security
fund should invest in equities (Smetters, 1997). As can be seen in the
option formula of the preceding section, the value of an option depends
on the volatility of the underlying asset. The Federal Reserve uses as
one of its indicators of investor uncertainty about the future course of
interest rates, the “implied” volatility derived from option prices on
government bonds.19 In his last paper, published after his death, Black
(1995) applies options theory to model the process for the interest rates
that govern the dynamics of government bond prices. In another area
involving central-bank concerns, Perold (1995) shows how the intro-
duction of various types of derivatives contracts has helped reduce
potential systemic-risk problems in the payment system from settle-
ment exposures. The Black-Scholes model can be used to value the “free
credit option” implicitly offered to participants, in addition to “float,”
in markets with other than instantaneous settlement periods. See also
Kupiec and White (1996). The prospective application of derivative-
security technology to enhance central-bank stabilization policies in
both interest rates and currencies is discussed in Merton (1995, 1997b).

17 Hamlett and Baumel (1990).
18 Constantinides and Ingersoll (1984), O’Flaherty (1990), Blanton (1995), Mahoney (1995),

and Terry (1995).
19 Nasar (1992). See Bodie and Merton (1995) for an overview article on implied volatility

as an example of the informational role of asset and option prices.
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In an application involving government activities far removed from
sophisticated and relatively efficient financial markets, options analysis
has been used to provide new insights into optimal government plan-
ning policies in developing countries. A view held by some in develop-
ment economics about the optimal educational policy for less-developed
countries is that once the expected future needs for labor-force compo-
sition are determined, the optimal education policy should be to pur-
sue targeted training of the specific skills forecast and in the quantities
needed. The alternative of providing either more general education and
training in multiple skills or training in skills not expected to be used is
seen as a “luxury” that poorer, developing countries could not afford. It,
of course, was understood, that forecasts of future labor-training needs
were not precise. Nevertheless, the basic prescription formally treated
them as if they were. In Merton (1992), the question is revisited, this
time with an explicit recognition of the uncertainty about future labor
requirements embedded in the model. The analysis shows that the value
of having the option to change the skill mix and skill type of the labor
force over a relatively short period of time can exceed the increased
cost in terms of longer education periods or less-deep training in any
one skill. The Black-Scholes model is used to quantify that tradeoff.
In a different context of the private-sector in a developed country, the
same technique could be used to assess the cost-benefit tradeoff for a
company to pay a higher wage for a labor force with additional skills
not expected to be used in return for the flexibility to employ those
skills if the unexpected happens.

The discussion of labor education and training decisions and
litigation and taxes leads naturally into the subject of human capi-
tal and household decision-making. The individual decision as to how
much vocational education to acquire can be formulated as an option-
valuation problem in which the optimal exercise conditions reflect when
to stop training and start working.20 In the classic labor-leisure tradeoff,
one whose job provides the flexibility to increase or decrease the num-
ber of hours worked, and hence his total compensation, on relatively
short notice, has a valuable option relative to those whose available

20 Dothan and Williams (1981).
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work hours are fixed.21 Wage and pension-plan “floors” that provide
for a minimum compensation, and even tenure for university professors
(McDonald, 1974), have an option-like structure. Other options com-
monly a part of household finance are: the commitment by an insti-
tution to provide a mortgage to the house buyer, if he chooses to get
one; the pre-payment right, after he takes the mortgage, that gives the
homeowner the right to renegotiate the interest rate paid to the lender
if rates fall;22 a car lease which gives the customer the right, but not
the obligation, to purchase the car at a pre-specified price at the end of
the lease.23 Health-care insurance contains varying degrees of flexibil-
ity, a major one being whether the consumer agrees in advance to use
only a pre-specified set of doctors and hospitals (“HMO plan”) or he
retains the right to choose an “out-of-plan” doctor or hospital (“point-
of-service” plan). In the consumer making the decision on which to
take and the health insurer assessing the relative cost of providing the
two plans, each solves an option-pricing problem as to the value of that
flexibility.24 Much the same structure of valuation occurs in choosing
between “pay-per-view” and “flat-fee” payment for cable-television
services.

Many of the preceding option-pricing applications do not involve
financial instruments. The family of such applications is called “real”
options. The most developed area for real-option application is invest-
ment decisions by firms.25 However, real-options analysis has also been
applied to real-estate investment and development decisions.26 The
common element for using option-pricing here is the same as in the pre-
ceding examples: the future is uncertain (if it were not, there would be
no need to create options because we know now what we will do later)
and in an uncertain environment, having the flexibility to decide what

21 Bodie et al. (1992).
22 Dunn and McConnell (1981) and Brennan and Schwartz (1985b).
23 Miller (1995).
24 Hayes et al. (1993) and Magiera and McLean (1996).
25 Mason and Merton (1985), McDonald and Siegel (1985), Majd and Pindyck (1987),

Triantis and Hodder (1990), Dixit and Pindyck (1994), Nichols (1994), Trigeorgis (1996),
and Leslie and Michaels (1997).

26 Smith (1984), Chiang et al. (1986), Geltner and Wheaton (1989), Williams (1991), and
Zinkhan (1991).
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to do after some of that uncertainty is resolved definitely has value.
Option-pricing theory provides the means for assessing that value.

The major categories of options within project-investment valua-
tions are: the option to initiate or expand, the option to abandon or
contract, and the option to wait, slow-down, or speed-up development.
There are “growth” options which involve creating excess capacity as
an option to expand and research and development as creating the
opportunity to produce new products and even new businesses, but
not the obligation to do so if they are not economically viable.27

A few examples: For real-world application of the options technol-
ogy in valuing product development in the pharmaceutical industry,
see Nichols (1994). In the generation of electric power, the power plant
can be constructed to use a single fuel such as oil or natural gas or it
can be built to operate on either. The value of that option is the ability
to use the least-cost, available fuel at each point in time and the cost of
that optionality is manifest in both the higher cost of construction and
less-efficient energy conversion than with the corresponding specialized
equipment. A third example described in Luehrman (1992) comes from
the entertainment industry and involves the decision about making a
sequel to a movie: the choices are: either to produce both the original
movie and its sequel at the same time, or wait and produce the sequel
after the success or failure of the original is known. One does not have to
be a movie-production expert to guess that the incremental cost of pro-
ducing the sequel is going to be less if the first path is followed. While
this is done, more typically the latter is chosen, especially with higher-
budget films. The economic reason is that the second approach provides
the option not to make the sequel (if, for example, the original is not
a success). If the producer knew (almost certainly) that the sequel will
be produced, then the option value of waiting for more information is
small and the cost of doing the sequel separately is likely to exceed the
benefit. Hence, once again, we see that the amount of uncertainty is crit-
ical to the decision, and the option-pricing model provides the means
for quantifying the cost/benefit tradeoff. As a last example, Baldwin

27 Kester (1984), McLaughlin and Taggart (1992), and Faulkner (1996).
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and Clark (1999) develop a model for designing complex production
systems focused around the concept of modularity. They exemplify
their central theme with several industrial examples which include
computer and automobile production. Modularity in production pro-
vides options. In assessing the value of modularity for production, they
employ an option-pricing type of methodology, where complexity in the
production system is comparable to uncertainty in the financial one.28

In each of these real-option examples as with a number of the other
applications discussed in this section, the underlying “asset” is rarely
traded in anything approximating a continuous market and its price
is therefore not continuously observable either. For that reason, this
paper, manifestly focused on applications, devotes so much space to the
technical section on extending the Black-Scholes option-pricing frame-
work to include non-tradability and non-observability.

2.4 Future Directions of Applications

As I suggested at the outset, innovation is a central force driving
the financial system toward greater economic efficiency with consider-
able economic benefit having accrued from the changes since the time
that the option-pricing papers were published. Indeed, much financial
research and broad-based practitioner experience developed over that
period have led to vast improvements in our understanding of how
to apply the new financial technologies to manage risk. Moreover, we
have seen how wide ranging are the applications of our technology for
pricing and measuring the risk of derivatives. Nevertheless, there still
remains an intense uneasiness among managers, regulators, politicians,
the press, and the public over these new derivative-security activities
and their perceived risks to financial institutions. And this seems to
be the case even though the huge financial disruptions, such as the

28 See also He and Pindyck (1992). On an entirely different application, Kester’s (1984)
analysis of whether to develop products in parallel or sequentially could be applied to
the evaluation of alternative strategies for funding basic scientific research: is it better to
support N different research approaches simultaneously or just to support one or two and
then use the resulting outcomes to sequence future research approaches? See also Merton
(1992, p. 426).
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savings-and-loan debacle of the 1980s in the United States and the
current financial crises in Asia and some emerging markets, appear to
be the consequence of the more traditional risks taken by institutions
such as commercial, real-estate, and less-developed-country lending,
loan guarantees, and equity-share holdings.

One conjecture attributes this uneasiness to the frequently cited
instances of individual costly events that are alleged to be associ-
ated with derivatives, such as the failure of Barings Bank, Procter
and Gamble’s losses on complex interest-rate contracts, the financial
distress of Orange County, and so forth. Perhaps.29 But, as already
noted, derivatives are ubiquitous in the financial world and thus, they
are likely to be present in any financial circumstance, whether or not
their use has anything causal to do with the resulting financial out-
comes. However, even if all these allegations were valid, the sheer fact
that we are able to associate individual names with these occurrences
instead of mere numbers (“XYZ company” instead of “475–500 thrifts”
as the relevant descriptor) would suggest that these are relatively iso-
lated events – unfortunate pathologies rather than indicators of sys-
temic flaws. In contrast, the physiology of this financial technology,
that is, how it works when it works as it should, is not the subject of
daily reports from around the globe but is essentially taken for granted.

An alternative or supplementary conjecture about the sources of
the collective anxiety over derivatives holds that they are a part of
a wider implementation of financial innovations which have required
major changes in the basic institutional hierarchy and in the infra-
structure to support it. As a result, the knowledge base now required
to manage and oversee financial institutions differs greatly from the
traditional training and experience of many financial managers and
government regulators. Experiential changes of this sort are threaten-
ing. It is difficult to deal with change that is exogenous to our tradi-
tional knowledge base and framework and thus comes to seem beyond
our control. Decreased understanding of the new environment can cre-
ate a sense of greater risk even when the objective level of risk in the

29 Miller (1997) provides a cogent analysis refuting many of the specific-case allegations of
derivatives misuse.
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system remains unchanged or is actually reduced. If so, we should start
to deal with the problem now since the knowledge gap may widen if
the current pace of financial innovation, as some anticipate, acceler-
ates into the 21st century. Moreover, greater complexity of products
and the need for more rapid decision-making will probably increase the
reliance on models, which in turn implies a growing place for elements
of mathematical and computational maturity in the knowledge base
of managers. Dealing with this knowledge gap offers considerable chal-
lenge to private institutions and government as well as considerable
opportunity to schools of management and engineering and to univer-
sity departments of economics and mathematics.

There are two essentially different frames of reference for trying to
analyze and understand changes in the financial system. One perspec-
tive takes as given the existing institutional structure of financial service
providers, whether governmental or private-sector, and examines what
can be done to make those institutions perform their particular finan-
cial services more efficiently and profitably. An alternative to this tradi-
tional institutional perspective – and the one I favor – is the functional
perspective, which takes as given the economic functions served by the
financial system and examines what is the best institutional structure
to perform those functions.30 The basic functions of a financial system
are essentially the same in all economies, which makes them far more
stable, across time and across geopolitical borders, than the identity
and structure of the institutions performing them. Thus, a functional
perspective offers a more robust frame of reference than an institu-
tional one, especially in a rapidly changing financial environment. It
is difficult to use institutions as the conceptual “anchor” for analyzing
the evolving financial system when the institutional structure is itself
changing significantly, as has been the case for the past two decades
and as appears likely to continue well into the future. In contrast, in
the functional perspective, institutional change is endogenous, and may
therefore prove especially useful in predicting the future direction of

30 For elaboration on the functional perspective, see Merton (1993, 1995), Crane et al.
(1995), and Bodie and Merton (1998).
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financial innovation, changes in financial markets and intermediaries,
and regulatory design.31

The successful private-sector and governmental financial service
providers and overseers in the impending future will be those who
can address the disruptive aspects of innovation in financial technology
while still fully exploiting its efficiency benefits. What types of research
and training will be needed to manage financial institutions? The view
of the future here as elsewhere in the economic sphere is clouded with
significant uncertainties. With this in mind, I nevertheless try my hand
at a few thoughts on the direction of change for product and service
demands by users of the financial system and the implications of those
changes for applications of mathematical financial modeling.

The household sector of users in the more fully developed financial
systems has experienced a secular trend of disaggregation in financial
services. Some see this trend continuing with existing products such
as mutual funds being transported into technologically less-developed
systems. Perhaps so, especially in the more immediate future, with
the widespread growth of relatively inexpensive Internet accessibility.
However, deep and wide-ranging disaggregation has left households
with the responsibility for making important and technically com-
plex micro financial decisions involving risk (such as detailed asset
allocation and estimates of the optimal level of life-cycle saving for
retirement) – decisions that they had not had to make in the past,
are not trained to make in the present, and are unlikely to execute
efficiently even with attempts at education in the future. The low-cost
availability of the Internet does not solve the “principal-agent” problem

31 During the last 25 years, finance theory has been a good predictor of future changes
in finance practice. That is, when theory seems to suggest that something “should be
there” and it isn’t, practice has evolved so that it is. The “pure” securities developed
by Arrow (1953) that so clearly explain the theoretical function of financial instruments
in risk bearing were nowhere to be found in the real world until the broad development
of the options and derivative-security markets. It is now routine for financial engineers
to disaggregate the cash flows of various securities into their elemental Arrow-security
component parts and then to reaggregate them to create securities with new patterns
of cash flows. For the relation between options and Arrow securities and the application
of the Black-Scholes model to the synthesis and pricing of Arrow securities, see Ross
(1976b), Banz and Miller (1978), Breeden and Litzenberger (1978), Duffie and Huang
(1986), and Merton (1992, pp. 443–450).
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with respect to financial advice dispensed by an agent. That is why I
believe that the trend will shift toward more integrated financial prod-
ucts and services, which are easier to understand and more tailored
toward individual profiles. Those products and services will include not
only the traditional attempt to achieve an efficient risk-return tradeoff
for the tangible-wealth portfolio but will also integrate human-capital
considerations, hedging, and income and estate tax planning into the
asset-allocation decisions. Beyond the advisory role, financial service
providers will undertake a role of principal to create financial instru-
ments that eliminate “short-fall” or “basis” risk for households with
respect to targeted financial goals such as tuition for children’s higher
education and desired consumption-smoothing throughout the life-
cycle (e.g., preserving the household’s standard of living in retirement,
cf. Modigliani, 1986). The creation of such customized financial instru-
ments will be made economically feasible by the derivative-security
pricing technology that permits the construction of custom products
at “assembly-line”-levels of cost. Paradoxically, making the products
more user-friendly and simpler to understand for customers will cre-
ate considerably more complexity for the producers of those products.
Hence, financial-engineering creativity and the technological and trans-
actional bases to implement that creativity, reliably and cost-effectively,
are likely to become a central competitive element in the industry. The
resulting complexity will require more elaborate and highly quantita-
tive risk-management systems within financial service firms and a par-
allel need for more sophisticated approaches to government oversight.
Neither of these can be achieved without greater reliance on mathe-
matical financial modeling, which in turn will be feasible only with
continued improvements in the sophistication and accuracy of financial
models.

Non-financial firms currently use derivative securities and other
contractual agreements to hedge interest rate, currency, commodity,
and even equity price risks. With improved lower-cost technology and
learning-curve experience, this practice is likely to expand. Eventu-
ally, this alternative to equity capital as a cushion for risk could lead
to a major change of corporate structures as more firms use hedging
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to substitute for equity capital; thereby moving from publicly traded
shares to closely-held private shares.

The preceding section provides examples of current applications
of the options technology to corporate project evaluation: the eval-
uation of research-and-development projects in pharmaceuticals and
the value of flexibility in the decision about sequel production in the
movie industry. The big potential shift in the future, however, is from
tactical applications of derivatives to strategic ones.32 For example,
a hypothetical oil company with crude oil reserves and gasoline and
heating-oil distribution but no refining capability could complete the
vertical integration of the firm by using contractual agreements instead
of physical acquisition of a refinery. Thus, by entering into contracts
that call for the delivery of crude oil by the firm on one date in
return for receiving a mix of refined petroleum products at a pre-
specified later date, the firm in effect creates a synthetic refinery. Real-
world strategic examples in natural gas and electricity are described in
Harvard Business School case studies, “Enron Gas Services” (1994) and
“Tennessee Valley Authority: Option Purchase Agreements” (1996), by
Tufano. There is some evidence that these new financial technologies
may even lead to a revisiting of the industrial-organization model for
these industries.

It is no coincidence that the early strategic applications are in
energy- and power-generation industries that need long-term planning
horizons and have major fixed-cost components on a large scale with
considerable uncertainty. Since energy and power generation are funda-
mental in every economy, this use for derivatives offers mainline applica-
tions in both developed and developing countries. Eventually, such use
of derivatives may become standard tools for implementing strategic
objectives.

A major requirement for the efficient broad-based application
of these contracting technologies in both the household and non-
financial-firm sectors will be to find effective organizational structures

32 See Kester (1984), Myers (1984), and Bowman and Hurry (1993) on the application of
option-pricing theory to the evaluation of strategic decisions.
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for ensuring contract performance, which includes global clarification
and revisions of the treatment of such contractual agreements in
bankruptcy. The need for assurances on contract performance is likely
to stimulate further development of the financial-guarantee business for
financial institutions. Such institutions will have to improve the effi-
ciency of collateral management further as assurance for performance.
As we have seen, one early application of the option-pricing model
focuses directly on the valuation and risk-exposure measurement of
financial guarantees.

A consequence of all this prospective technological change will
be the need for greater analytical understanding of valuation and
risk management by users, producers, and regulators of derivative
securities. Furthermore, improvements in efficiency from derivative
products will not be effectively realized without concurrent changes
in the financial “infrastructure” – the institutional interfaces between
intermediaries and financial markets, regulatory practices, organiza-
tion of trading, clearing, settlement, other back-office facilities, and
management-information systems. To perform its functions as both
user and overseer of the financial system, government will need to inno-
vate and make use of derivative-security technology in the provision
of risk-accounting standards, designing monetary and fiscal policies,
implementing stabilization programs, and overseeing financial-system
regulation.

In summary, in the distant past, applications of mathematical mod-
els had only limited and sidestream effects on finance practice. But
in the last quarter century since the publication of the Black-Scholes
option-pricing theory, such models have become mainstream to prac-
titioners in financial institutions and markets around the world. The
option-pricing model has played an active role in that transformation.
It is safe to say that mathematical models will play an indispensable
role in the functioning of the global financial system.

Even this brief discourse on the application to finance practice
of mathematical models in general and the option-pricing model in
particular would be negligently incomplete without a strong word of
caution about their use. At times we can lose sight of the ultimate
purpose of the models when their mathematics become too interesting.
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The mathematics of financial models can be applied precisely, but the
models are not at all precise in their application to the complex real
world. Their accuracy as a useful approximation to that world varies
significantly across time and place. The models should be applied in
practice only tentatively, with careful assessment of their limitations in
each application.
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l’Ecole Normale Supérieure, Vol. 3, No. 1018. Paris: Gauthier-Villars.
(English translation in Cootner, P. H., ed. The Random Character of
Stock Market Prices, Cambridge, MA: MIT Press, 1964, pp. 17–78.).

Baldwin, C. (1972), ‘Pricing Convertible Preferred Stock Accord-
ing to the Rational Option Pricing Theory’. B.S. dissertation,
Massachusetts Institute of Technology, Cambridge, MA.

Baldwin, C. and K. Clark (1999), Design rules: The power of modular-
ity. Cambridge, MA: MIT Press. Forthcoming.

Baldwin, C., D. Lessard, and S. P. Mason (1983), ‘Budgetary time
bombs: Controlling government loan guarantees’. Canadian Public
Policy 9, 338–46.

Banz, R. W. and M. H. Miller (1978), ‘Prices for state-contingent
claims: Some estimates and applications’. Journal of Business 51(4),
653–72.

Bernstein, P. L. (1992), Capital Ideas: The Improbable Origins of Mod-
ern Wall Street. New York: Free Press.

Bertsimas, D., L. Kogan, and A. W. Lo (1997), ‘Pricing and hedging
derivative securities in incomplete markets: An e-arbitrage approach’.



References 407

Sloan School of Management, Massachusetts Institute of Technology
Working Paper, #LFE-1027-97.

Black, F. (1973), ‘The pricing of options and corporate liabilities’. Jour-
nal of Political Economy 81(3), 637–54.

Black, F. (1989), ‘How we came up with the option formula’. Journal
of Portfolio Management 15(2), 4–8. Originally distributed in two
parts by Fischer Black’s pricing and commentary service on options,
Options, Vol. 1, No. 10, June 21, 1976; Vol. 1, No. 11, July 5, 1976.

Black, F. (1995), ‘Interest rates as options’. Journal of Finance 50(5),
1371–76.

Black, F. and M. S. Scholes (1972), ‘The valuation of option contracts
and a test of market efficiency’. Journal of Finance 27(2), 399–418.

Blanton, W. J. (1995), ‘Reducing the value of plaintiff’s litigation
option in federal court: Daubert v. Merrell Dow Pharmaceuticals,
Inc.’. George Mason University Law Review 2, 159–222.

Bodie, Z. (1996), ‘What the Pension Benefit Guaranty Corporation
can learn from the Federal Savings-and-Loan Insurance Corporation’.
Journal of Financial Services Research 10(1), 83–100.

Bodie, Z. and R. C. Merton (1995), The Informational Role of Asset
Prices: The Case of Implied Volatility, Chap. 6 in Dwight B. Crane
et al, pp. 197–224.

Bodie, Z. and R. C. Merton (1998), Finance. Upper Saddle River, NJ:
Prentice Hall.

Bodie, Z., R. C. Merton, and W. F. Samuelson (1992), ‘Labor sup-
ply flexibility and portfolio choice in a life-cycle model’. Journal of
Economic Dynamics and Control 16(3, 4), 427–49.

Bowman, E. H. and D. Hurry (1993), ‘Strategy through the option
lens: An integrated view of resource investments and the incremental-
choice process’. Academy of Management Review 18(4), 760–82.

Breeden, D. T. (1979), ‘An intertemporal asset pricing model with
stochastic consumption and investment opportunities’. Journal of
Financial Economics 7(3), 265–96.

Breeden, D. T. (1984), ‘Futures markets and commodity options: Hedg-
ing and optimality in incomplete markets’. Journal of Economic
Theory 32(2), 275–300.



408 Applications of Option-Pricing Theory: Twenty-Five Years Later

Breeden, D. T. and R. Litzenberger (1978), ‘Prices of state-contingent
claims implicit in option prices’. Journal of Business 51(4), 621–51.

Brennan, M. J. and E. S. Schwartz (1976), ‘The pricing of equity-
linked life insurance policies with an asset value guarantee’. Journal
of Financial Economics 3(3), 195–213.

Brennan, M. J. and E. S. Schwartz (1985a), ‘Evaluating natural
resource investments’. Journal of Business 58(2), 135–57.

Brennan, M. J. and E. S. Schwartz (1985b), ‘Determinants of GNMA
mortgage prices’. Journal of the American Real Estate & Urban Eco-
nomics Association 13(3), 209–28.

Chiang, R., T.-Y. Lai, and D. C. Ling (1986), ‘Retail leasehold interests:
A contingent claim analysis’. Journal of the American Real Estate &
Urban Economics Association 14(2), 216–29.

Constantinides, G. M. and J. E. Ingersoll, Jr. (1984), ‘Optimal bond
trading with personal taxes’. Journal of Financial Economics 13(3),
299–336.

Cox, J. C. and S. A. Ross (1976), ‘The valuation of options for alter-
native stochastic processes’. Journal of Financial Economics 3(1/2),
145–66.

Cox, J. C. and M. Rubinstein (1985), Options Markets. Upper Saddle
River, NJ: Prentice Hall.

Crane, D. B., K. A. Froot, S. P. Mason, A. F. Perold, R. C. Merton,
Z. Bodie, E. R. Sirri, and P. Tufano (1995), The Global Financial
System: A Functional Perspective. Boston: Harvard Business School
Press.

Cummins, J. D. (1988), ‘Risk-based premiums for insurance guarantee
funds’. Journal of Finance 43(4), 823–89.

Cummins, J. D. and H. Geman (1995), ‘Pricing catastrophe insurance
futures and call spreads: An arbitrage approach’. Journal of Fixed
Income 4(4), 46–57.

Cunningham, D. F. and P. H. Hendershott (1984), ‘Pricing FHA mort-
gage default insurance’. Housing Finance Review 3(4), 373–92.

Davis, M. H. A. (1997), ‘Option pricing in incomplete markets’. In:
M. A. H. Dempster and S. Pliska (eds.): Mathematics of Derivative
Securities, pp. 216–26, Cambridge: Cambridge University Press.



References 409

Dixit, A. K. and R. S. Pindyck (1994), Investment Under Uncertainty.
Princeton: Princeton University Press.

Doherty, N. A. and J. R. Garven (1986), ‘Price regulation in
property-liability insurance: A contingent-claims approach’. Journal
of Finance 41(5), 1031–50.

Dothan, U. and J. Williams (1981), ‘Education as an option’. Journal
of Business 54(1), 117–39.

Duffie, D. J. and C.-F. Huang (1986), ‘Implementing Arrow-Debreu
equilibria by continuous trading of a few long-lived securities’.
Econometria 53(6), 1337–56.

Dunn, K. B. and J. J. McConnell (1981), ‘Valuation of GNMA
mortgage-backed securities’. Journal of Finance 36(3), 599–616.

Faulkner, T. W. (1996), ‘Applying “options thinking” to R & D valu-
ation’. Research-Technology Management 39(3), 50–56.

Figlewski, S. (1989), ‘Options arbitrage in imperfect markets’. Journal
of Finance 44(5), 1289–311.
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3.1 Introduction1

The trading of financial derivatives on organized exchanges has
exploded since the early 1970s. The trading of off-exchange financial
derivatives on the so-called “Over-the-Counter” or “OTC” market has
exploded since the mid-1980s. Academic and applied research on finan-
cial derivatives, which was initiated by the Black-Scholes and Merton
option-pricing research in the late 1960s and early 1970s, also has
exploded. As a result, three industries have blossomed: an exchange
industry in derivatives, an OTC industry in synthetic products, and an
academic industry in derivative research, populated by scientists in and
out of academic institutions. The academic industry has seen a growth
of research and course offerings in economics and business schools in the

* c© The Nobel foundation 1997 used with permission.
1 I would like to thank Robert C. Merton for many years of fruitful and exciting discussions
on these topics. In addition, I would like to thank my many colleagues at the University
of Chicago, MIT, and Stanford University, for their ideas and stimulating discussions.
Most important has been the support and involvement of Merton H. Miller in my career:
I owe him a tremendous debt and cherish his friendship. I miss Fischer Black; I miss his
friendship, his insights, and his good humor.
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areas of options, futures, risk management, financial engineering, and
by marrying institutional and derivative modeling, a richer approach to
financial intermediation and innovation under uncertainty. In addition,
business schools and economics departments have competition from
new research and courses in mathematics departments and engineer-
ing schools in the mathematics of derivative pricing and alternative
stochastic processes, and in law schools in understanding contracting
under uncertainty.

The academic industry has produced myriad innovative research
papers following the fundamental insights of Black and Scholes (1973)
and Merton (1973). The Chicago Board of Trade and Chicago Mer-
cantile Exchange initiated the exchange industry by developing finan-
cial options and futures contracts on securities; they have spawned
the growth of many new derivative exchanges around the world. The
first was the Chicago Board of Trade’s sponsorship of the Chicago
Board Options Exchange in 1973. Moreover, some exchanges such as the
Options Market in Stockholm have transported the technology used to
trade derivatives to other markets in Europe and Asia. These exchanges
succeed by producing the derivative contracts that add value for indi-
viduals and institution around the world. The OTC industry, which has
grown to prominence since the mid-1980s, first in the United States and
now in every corner of the globe, is now larger in size than the exchange
industry. Financial institutions in the OTC industry offer customized
derivative products to meet the specific needs of each of their clients;
the exchange industry offers standardized products to reach a richer
cross-section of demand.

Each industry requires original research to understand the pric-
ing and production costs of the products and financial services that
they bring to their clients. Derivative research is quickly trans-
ferred to practice; moreover, practice stimulates both academic and
applied research. Some of the best research is conducted outside of
academic institutions and academics have found a home in each of
the three industries. Graduates from mathematics, computer sciences,
engineering and physics compete and cooperate with those trained in
financial economics for research and structuring positions in both the
exchange and OTC industry.
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It is difficult to define financial derivatives in a dynamic environ-
ment. The purest among us might argue that any security is a derivative
if its price dynamics depend on the dynamics of some other underlying
asset or asset and time. This broad definition allows not only for what
currently exists but also what new derivative instruments will be devel-
oped in the future with enhanced understanding and changing produc-
tion costs. The popular press, however, tends to limit the definition to
include financial options, futures and forward contracts either traded
on an exchange or issued in the OTC industry. In the future they may
come to be called financial products.

The will of Alfred Nobel states, in part, that the Nobel Prize shall
be awarded for an “important discovery or invention.” Fischer Black’s
and my discovery was how to price options and to provide a way to
manage risk. Robert Merton developed an important alternative proof
of the pricing technology and extended the approach in many directions
including how to price options with dividends, how to price options
when the interest rate is not constant, and how to apply a more general
structure to price many other contingent contracts.

Black and Scholes have over the years been accused of inventing
derivatives, at least those derivative products that have been claimed
to have had bad economic consequences for their users. It is seldom
remembered that these contracts have two sides: if a buyer loses, the
ultimate seller might gain. Only if losses cause dead-weight costs is
there a net loss to society. It is said that “every successful idea has
a thousand fathers, and every failure is an orphan.” Over the years
we have been granted both distinctions. We did not, however, invent
derivatives. Options existed in many financial contracts prior to the
Black-Scholes and Merton pricing technologies. Options were noted
to have been traded on the Amsterdam Stock Exchange in the late
17th century and traded on the Chicago Board of Trade into the early
1930s. As described in Cootner (1964), research in option pricing goes
back as far as Bachelier’s Ph.D. thesis in 1900. Although they are not
generally thought of as options, myriad securities and investment deci-
sions have been made in the past and are being made currently that
could be evaluated using the Black-Scholes technology. The technol-
ogy was an invention that facilitated multiple inventions in each of the
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three industries. What I did not realize at the time of the invention
was how the technology would evolve and how it would be used to pro-
duce new types of securities with imbedded options at lower cost than
could be accomplished prior to the development of the technology. This
enhanced the efficiency set of demanders and suppliers of capital, not
only in the United States but also around the world.

With the Christmas season approaching at these Nobel award cer-
emonies in Stockholm, I will invoke the “Past,” the “Present” and the
“Future,” as Charles Dickens did in “A Christmas Carol,” to describe
the evolution of derivatives in a dynamic environment. I do not mean
to draw too fine a parallel, however. That is, I am not implying that
through the eyes of Mr. Scrooge the past for derivatives was bright with
hope and innocence, and the present is dark and foreboding and the
future, without changing our ways, presents a bleak picture. On the
contrary, many in academics and those in practice have often asked for
a glimpse of the past; that is, how we developed the technology and
the model, and the past gives insights into the present. It was a time
of innocence. It was a time of discovery. It is a tradition at these Nobel
award ceremony lectures to describe the age of innocence. I am honored
and thank the Nobel Prize Committee for this wonderful opportunity
to do so. I wish that Fischer Black were alive today to share this honor
with us.

Twenty-five years is a tender age for the new academic and the
new exchange industry. Fifteen years is still a young age for the new
OTC industry. The Present, which I date from the late 1980s to current
time, shows an industry that has experienced growing pains, and many,
including regulators, are worried that it still has not come of age. And,
will the Future be bleak? No, there will be failures, but the industries
will thrive because derivative instruments will provide progressively
lower-cost solutions to investor and entity problems than will competing
alternatives. These lower-cost solutions will involve the unbundling and
repackaging of coarse financial products into their constituent parts to
satisfy client demands. The process will continue to evolve as advances
in information technology drive down the cost of providing alternative
and more productive solutions.
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3.2 The Past

Although Black (1989) and Bernstein (1992) described their version of
the development of the option-pricing technology, this lecture, however,
gives me an opportunity to add to their description through my recollec-
tion of things past. My formal training at the University of Chicago was
in financial economics, statistics and economics. At Chicago, Merton
Miller, the 1990 Nobel laureate, and Eugene Fama, a prolific scholar,
stimulated my excitement in economics and a new branch of economics,
which has come to be called financial economics. I also owe a simi-
lar and considerable debt to my fellow classmates at Chicago, most
notably, Jack Gould, Michael Jensen and Richard Roll.

The three stands of financial economics that most set the tone for
my future research were arbitrage and the notion of substitutes; the effi-
cient markets hypothesis; and the capital asset pricing model.2 These
strands gave a mathematical basis to the models of finance, in a gen-
eral equilibrium framework. Modigliani and Miller (see Miller (1988)
for a retrospective) were making profound breakthroughs that provided
a general equilibrium model for corporate finance. Their arbitrage
arguments, which demonstrated how a firm’s value was independent
of how it financed its activities, had a profound effect on the way I
analyze and model many problems in economics. The Fama (1965)
and Samuelson (1965b) efficient-markets hypothesis that states that,
in a well-functioning capital market, the dynamics of asset prices are
described by a submartingale and that the best estimate of the value
of a security is today’s price, was revolutionary to economics. Their
insights gave me an important framework to think about the dynam-
ics of asset prices and how markets adjust to “news.” It set the stage
for empirical testing of how information was incorporated into security
prices and gave me a vehicle to apply my statistics and computer skills
in a financial economics context. For example, Jensen (1968) had used
the concepts of the efficient-markets hypothesis to test whether mutual

2 I am sure that Fischer Black would pick at least the efficient-markets hypothesis and
the capital asset pricing model as most influential in the development of his thinking in
financial economics.
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funds, which were professionally managed and spent considerable sums
of money to discover undervalued assets, could outperform randomly-
selected investments on a risk-adjusted basis. Roll (1970) had tested
the efficiency of the bond market controlling for changes in expected
returns impounded in bond prices. In my own work (Scholes (1972)),
I used the concepts of efficient markets and substitutes (arbitrage) to
test the extent to which security prices were influenced by the size of
the sales of large blocks of securities or by changes in the information
set. Following on the work of Markowitz (1952, 1959), Sharpe (1964),
and Lintner (1965) the capital asset pricing model provided a general
equilibrium model of asset prices under uncertainty. This became the
fundamental model for measuring the risk of a security. It was elegant to
condense the required relative rates of return on securities into a simple
reduced-form equation that depended only on their “betas,” a measure
of their relative contribution to the risk of the optimal portfolio.

The capital structure models, the efficient-markets hypothesis, and
the capital asset pricing model had the common central themes of arbi-
trage and market equilibrium: securities with similar economic risk had
to exhibit similar returns to prevent arbitrage profits. This principle
applies to all securities, whether they are common stock, bonds, or
hybrid instruments. Through participation in seminar presentations at
the University of Chicago, I became generally aware of the nature of
warrants and convertible bonds. I was unaware, however, of the interest
in warrant pricing and the research that had been conducted at MIT
on this topic in the 1960s even though I became an Assistant Professor
at the Sloan School of Management at MIT in 1968.

I did not meet Robert Merton until the spring of 1969, when he
was interviewing for a position at the Sloan School. We began inter-
acting in the fall of 1969. We talked then about his current research on
dynamic applications of the capital asset pricing model with changing
opportunity sets and my work, at the time, including tests of the cap-
ital asset pricing model. We did not talk about warrant pricing even
though Fischer Black and I were working on the problem. I guess we
did not appreciate that each of us had an interest in this research area.

In the summer of 1968, a research project at Wells Fargo Bank
in San Francisco convinced me that the passive management of assets
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could be a viable contender to actively managed portfolios. In my report
to Wells Fargo Bank, I recommended that they initiate passive invest-
ment strategies and offer them to their clients, the forerunner to so-
called “index funds.” That fall, on the suggestion of Michael Jensen,
I had lunch with Fischer Black, who he had met because of Jensen’s
research on mutual funds. Fischer was employed at Arthur D. Little,
a consulting firm in Cambridge, Mass. We had several other lunches
that fall and Fischer suggested that he was thinking of leaving Arthur
D. Little to start his own consulting firm. At about the same time,
John McQuown at Wells Fargo Bank asked whether I wanted to con-
duct research that would describe the tradeoff of risk and return in
the market as a forerunner to introducing passive investment strate-
gies to their clients. Without research, they were not willing to offer
index-fund-like products to clients. Being an Assistant Professor, I was
restricted as to the number of days I could consult. I asked Fischer
whether he wanted to join forces on the project. It was obvious from
our lunch discussions that he had very similar ideas, and was starting a
research project with Jensen on measuring risk and return. We joined
forces and worked together to test the capital asset pricing model (see
Black et al. (1972)). We developed the concept of the zerobeta portfo-
lio to test the model. If we could create a zero beta-minimum variance
portfolio by buying low beta stocks and selling high beta stocks and
achieve realized returns on this portfolio that were significantly dif-
ferent from the interest rate this would violate the predictions of the
original capital asset pricing model.

In the winter of 1969, I agreed to direct the Masters thesis of an
MIT graduate student who had garnered a time series of warrant and
underlying stock prices and wanted to apply the capital asset pric-
ing model to value the warrants. I read all of the articles relating to
warrant pricing in Paul Cootner’s book of readings on The Random
Character of Stock Prices (1964). One included paper, by Case Spren-
kle and dated 1960, seemed the most relevant to me, but Sprenkle used
an exogenously determined discount rate to discount the expected ter-
minal value of the warrant to its present value.

What seemed apparent was that the expected return of the warrant
could not be constant for each time period because the risk of the
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warrant changed with changes in the stock price and with changes in
time to maturity. For example, if the warrant was far “in-the money,”
that is, the underlying stock price was far above the exercise price, and
the warrant was almost sure to be exercised, its price would change
almost dollar for dollar with a change in the underlying stock price.
The percentage change in the value of the warrant, however, would be
greater than the percentage change in the value of the common stock
because the warrant was a leveraged instrument. On the other hand, if
the warrant was “out-of-the-money,” that is, the underlying stock price
was less than the exercise price, the warrant price would move far less
than dollar for dollar with price of the common stock (for example, $.5
for $1 move in the common). The percentage change in the price of the
warrant, however, would be even greater than that of the in-the-money
warrant.

As a result, the expected return on the warrant could not be con-
stant each period if the beta of the stock was constant each period.
I thought about using the capital asset pricing model to establish a
zero-beta portfolio of common stock and warrants by selling enough
shares of common stock per each warrant held each period to create
a zero-beta portfolio. Given I could create a zero-beta portfolio, the
expected return on the net investment in this portfolio would be equal
to the riskless rate of interest. I knew that I would have to change the
number of shares of stock each period to retain my zero-beta portfolio.
But, after working on this concept, off and on, I still couldn’t figure out
analytically how many shares of stock to sell short to create a zero-beta
portfolio.

Fischer and I continued working on tests of the capital asset pricing
model and the development of investment products based on the impli-
cations of our research throughout 1969. In the summer or early fall
of 1969, I discussed with Fischer my earlier experience with warrants,
my attempt at creating the zero-beta portfolio, and my inability to
determine the changing number of shares needed each period to create
the zero-beta portfolio. He described to me his research on warrants
and that he was frustrated in his inability to progress further than he
had to that time. He showed me a sheet of paper, which described the
relation between the return on the warrant and the underlying stock.
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Following on earlier work by Jack Treynor, Fischer had used a Taylor
Series expansion of w(x,t), where “w” is the warrant price, “x” is the
current stock price and “t” is time to maturity to show the relation
between the change in the warrant price as a function of the change in
the price of the common stock and a decrease in the time to maturity
of the option. Ignoring terms of second order with regard to time, over
a short period of time, this expansion was:

∆w(x,t) = w1∆x + w2∆t + 1/2w11∆x2∆t

where ∆ is the change symbol, and the subscripts refer to partial deriva-
tives with respect to the first or second arguments.

Not surprisingly, Fischer had used the capital asset pricing model
to describe the relation between the expected return on the warrant
and the market and the expected return on the common stock and the
market. By substituting for the change in the warrant price as a func-
tion of changes in the stock price and time in the warrant asset pricing
relation, it became obvious on how to create a zero-beta portfolio that
would have an expected rate of return equal to the interest rate (for
we assumed a constant interest rate).

Consider the returns over a very short period of time on two alter-
native investment strategies: under (1), we acquire the warrant, and
enough bonds earning at interest, r, per period, such that our invest-
ment in strategy (1) is the same as in alternative strategy (2), in which
we buy w1 of stock. The following is the investment and the return on
these two alternative strategies:

Investment Return
(1) Buy warrant w w1∆x + w2∆t + 1/2w11∆x2∆t

Bonds w1x − w r∆t(w1x − w)
(2) Buy stock w1x w1∆x

The investment was constructed to be the same in strategy (1) and
strategy (2). The risk appears to be the same in both strategies. The
only uncertain term is ∆x, the change in the stock price, and the total
uncertainty due to changes in the stock price is the same in both strate-
gies. ∆x2 involves the change in the stock price squared, a form of
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variance, which as ∆t becomes small approaches x2σ2, the stock price
squared times the instantaneous variance of the underlying returns on
the common stock, which is assumed to be constant.

Since the risk is the same and the investment is the same under both
strategies, to prevent arbitrage, the returns must be the same over a
short period of time. After equating the returns on strategy (1) with
the returns on strategy (2), and substituting for ∆x2, we find:

−rw + w1xr + w2 + 1/2w11x
2σ2 = 0

This is the Black-Scholes differential equation. The initial condition
for a warrant or call option is that w(x,t∗) = Max(x − c,0), where t∗

is the maturity date of the option, and c is the exercise price of the
option. The only required inputs to value the option, other than its
initial conditions, are r, the interest rate, and σ2, the variance rate per
unit time on the returns on the underlying stock. We were both amazed
that the expected rate of return on the underlying stock did not appear
in the differential equation.

Although the number of shares needed to create a zero-beta port-
folio each period was w1 it was not obvious to us how to find w1. The
next step in solving the problem was to realize that since the war-
rant valuation depended only on the variability of returns and not the
expected return on the underlying common stock, it was arbitrary what
expected return was assumed for the underlying common stock. The
same warrant valuation equation would result because we had hedged
out the risk of the common stock in establishing the zero-beta portfo-
lio or the alternative replicating portfolio, as above. We assumed that
the expected return on the common stock was equal to the interest
rate over the next short period of time, or in terms of the capital-asset
pricing model that the common stock had a zero beta.

With the assumption of constant return and variance of return, the
distribution of returns on the underlying stock at expiration of the war-
rant would be lognormally distributed. We used the Sprenkle formula-
tion to find the terminal value of the warrant using a constant interest
rate as the expected rate of return on the stock. But, we wanted the
present value of the warrant. The key here was to realize that although
the warrant would have greater price variability than the underlying
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stock, if we assume that the stock had a zero beta, the warrant would
have a zero beta. If the warrant had a zero beta each period of time,
the warrant had also to return the interest rate, r, each period of time.

If we had decided to value the warrant using the actual expected
return on the common stock or, for that matter, any other appreciation
rate, the discount rate to value the warrant would depend on time and
changes in the stock price. It does not for the zero-beta case. Using
Sprenkle’s formula with the assumption that the expected return on
common stock and the discount rate for the warrant was equal to a
constant interest rate, we obtained the Black-Scholes option-pricing
formula.

w(x,t) = xN(d1) − c er(t−t∗)N(d2)

where N(d) is the cumulative normal density function, c is the exercise
price, t∗ is the expiration date, and t is the current date, t∗ − t is the
remaining number of periods in the life of the option, and “e” is the
exponential operator. Lastly,

d1 = [lnx/c + (r + 1/2σ2)(t∗ − t)]/σ
√

t∗ − t

d2 = d1 − σ
√

t∗ − t

We checked the formula against the differential equation and, as we
expected, it fit. We were sure that we had the correct formula for valu-
ing call options or warrants, the right to buy an asset at a fixed price,
the exercise price, at maturity of the right, its expiration date. With
minor adjustments we could value a put option, the right to sell an
asset under similar terms.

From the formula, we were finally able to compute w1, which was
equal to N(d1), the required number of shares to hedge the option.
The number of shares will change over time and as the price of the
underlying security changes with respect to the exercise. But, given
the assumptions it is a known quantity each time period.

The formulation also suggests the technology necessary to price any
contingent claim that depends on an underlying asset’s price (or even
other state variables) and time. This is so even with differential known
pay-outs, such as dividends on a stock or coupons on a bond, that are
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not received by the option holder. The technology suggests that what is
necessary is to hedge the stochastic term, ∆x, to create an alternative
investment that is riskless. Merton (1973) formalized these relations.

We had spent a considerable amount of time working to finish up
several other papers including our paper on testing the capital asset
pricing model. As a result, we finished a draft of the paper sometime
in the winter of 1970. We did not know whether our formulation was
exact, but intuitively we thought investors could diversify away any
residual risk that was left. For larger price changes in the common stock,
the hedge position of being long the option and short the appropriate
number of shares of stock would tend to make money whether the
market went up or down, and would lose money on small changes in the
market portfolio. The risk of the position appeared to be independent
of market risk. We programmed the model and tried to understand the
sensitivity of the price of the option to changes in the stock price, time
to maturity, volatility, and the interest rate.

We presented a draft of the paper at a conference on capital market
theory sponsored by Wells Fargo Bank in July of 1970. Later that
summer, on vacation together, Fischer and I worked out the applica-
tions of the option-pricing framework to the pricing of risky debt and
other capital structure issues. We viewed the common stock of a com-
pany with debt in its capital structure as a call option. The equity
holders have an option to buy back the firm from the debt holders by
paying off the face amount of the debt at its maturity. The equity hold-
ers will not buy back the firm from the debt holders at the maturity
of the debt if the face amount of the debt is less than the value of the
firm’s assets; they will turn the remaining assets of the firm over to
the debt holders. For us, it was exciting to realize that the equity of a
corporation was an option, and that our framework applied far more
broadly than the valuation of warrants or put and call options. The
methodology provided a systematic approach that relied on arbitrage
to value the capital structures of firms, and to understand how man-
agement decisions affect the relative values of debt and equity in the
firm’s capital structure.

As it turned out, Robert Merton, who had written an earlier paper
on the valuation of warrants with Paul Samuelson (see Samuelson
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and Merton, 1969) following on Samuelson’s (Samuelson (1965a)) early
work on warrant valuation, had expected to attend our session at the
Wells Fargo conference, but he overslept and missed the session. In the
winter and spring of 1970, Fischer and I searched the academic litera-
ture to determine how close others were to our invention. Fischer and
I realized that the Samuelson and Merton paper contained an equi-
librium model to value warrants but they did not value the warrant
continuously. Given that there was friendly rivalry between the two
teams, Fischer and I wanted to progress, on our own, as far as we could
prior to the conference.

After the conference, in the early fall, Robert Merton and I dis-
cussed the Black-Scholes valuation methodology and option-valuation
formula. He was not convinced that using the capital asset pricing
model framework was sufficient. It seemed to him that, as the interval
of adjustment of the hedge became closer to continuous time, there
might still be covariance between the hedged position and the market
return. Merton and I speculated that one way that there would be no
such covariance would be if the return on the option was perfectly cor-
related with the return on the stock in continuous time, and therefore
the hedge was exact. Merton later proved that the hedged position in
continuous time was riskless, and that the replicating portfolio argu-
ment was exact. Fischer and I used this derivation in the final version
of the paper because it relied on arbitrage and not on any underlying
model of capital market equilibrium. However, we still presented the
capital asset pricing model derivation of the model, as it provided us
with the many insights we used to unlock the puzzles of option pricing.

Merton (1973) then started working on his paper on various aspects
of the option formula. He incorporated his alternative proof of the
option-pricing model. He also showed that the right to exercise a call
option prior to maturity is not valuable for a non-dividend paying stock,
but valuable for a put option on a similar stock. He also showed how to
incorporate changes in interest rates into the valuation methodology,
and generalized the formula to handle other state variables.

To our dismay, when we submitted a version of our paper entitled
“A Theoretical Valuation Formula for Options, Warrants, and Other
Securities” (October, 1970) to the Journal of Political Economy, it was
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rejected without review. The Review of Economics and Statistics also
rejected the paper. Fischer felt that the paper was rejected because
he was not an academic; I felt that I was an unknown Assistant Pro-
fessor and the paper would not be considered to be broad enough for
those academic journals. With the help of Merton Miller and Eugene
Fama, who took an interest in the paper and stepped in on our behalf,
the Journal of Political Economy agreed to consider the paper if we
revised it and broadened its applicability. We had planned to pub-
lish the corporate-finance-capital structure applications in a subsequent
paper but we broadened the original paper and showed how corporate
liabilities could be viewed as options. The final version of the paper
was published in 1973 in the Journal of Political Economy under the
title “The Pricing of Options and Corporate Liabilities.”

3.2.1 The Aftermath

In Black and Scholes (1972), we tested the option pricing model using
data recorded in a transactions diary of a broker in the over-the-counter
options market provided to us by another Master’s student at MIT. The
diary listed the prices at which he sold options to his clients. Using
simple estimates of the volatility, the model generally performed well.
It produced profits if one could buy options at diary-market prices if
the model indicated a higher value than the market and sell options
at diary-market prices if the model indicated a lower value than the
market. Each trading day, we assumed that the model could be used
to determine the hedge ratio, the delta, and undertook these hedges
(assuming that transaction costs were zero). We regressed the daily
returns on our hedged portfolio on the market returns. As expected,
the portfolio returns were uncorrelated with the market returns, but
the model produced substantial and significant abnormal profits. The
market appeared to ignore information available in the historical data
on estimating volatility.

When we assumed that we could buy the undervalued and sell the
overvalued options at model prices and hedge out the underlying stock
risk, we incurred significant losses. These losses were incurred because
using simple estimates of the volatility ignored information on future
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volatility that the market was using to price the options. When actual
realized volatility over the life of the option was used to compute the
model prices, buying undervalued and selling overvalued options at
model prices generated returns that were insignificantly different from
zero.

It became apparent to us that the transaction costs of dealing
in the over-the-counter market were quite large. The dealers would
only sell options. As a result, the market in put and call options was
quite small. The world was about to change. In the early 1970s, var-
ious studies were commissioned to provide an economic justification
for a new options exchange. As a result, The Chicago Board Options
Exchange (CBOE) was born in 1973 almost simultaneously with the
publication of the Black-Scholes and Merton option-pricing papers. The
reduction in transaction costs and the transparency of the market were
justifications enough for the subsequent success of the options market.

It is ironic that these empirical tests of the Black-Scholes model
were published in the Journal of Finance in the proceedings volume
of the American Finance Association Meetings, in May of 1972, a full
year prior to the publication of the model itself. Although we did not
present it as such, it is ironic that the methodology in the paper is
generally the same as that used today by financial entities to manage
the risks of their trading positions and to measure the performance of
their traders.

3.2.2 Historical Notes: From Theory to Practice

Both the derivative exchange industry and the derivative academic
industry grew significantly from 1973 to 1985. Financial economists
started to interact with a broad set of practitioners and this led to a
cross-fertilization of ideas among the participants in both industries.

The option-pricing technology was adopted simply because it
reduced transaction costs. For without a model, traders could neither
price securities with imbedded options with sufficient accuracy to com-
pete against other traders with models, nor could they reduce the risk
of their positions to employ their capital efficiently at a low enough
cost to compete with other traders. Although it is hard to prove, I do
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think that the success of the CBOE and other exchanges, in part, can
be attributable to option-pricing models. As traders became familiar
with these models, bid-offer spreads narrowed. As traders became more
familiar with risk-management techniques they could take on larger
position sizes to support the market. With a deeper and more efficient
market, investors began to use options to facilitate their own invest-
ment strategies.

In those formative years, notable extensions and additions to the
basic framework include important contributions by Black (1975, 1976),
Banz and Miller (1978), Breeden and Litzenbeger (1978), Brennan
and Schwartz (1979), Cox and Ross (1976), Cox et al. (1979), Geske
(1979), Harrison and Kreps (1979), Magrabe (1978), Merton (see
Merton, 1992a), Parkinson (1977), Richard (1978), Ross (1976),
Rubinstein (1976), Scholes (1976), Sharpe (1978), and Vasicek (1977).

In 1971, Fischer Black left Boston to become a Professor at the
University of Chicago. In 1972, Robert Merton and I became consul-
tants to Donaldson, Lufkim and Jenrette (DLJ) to build mathematical
models to price so-called “Down-and-Out Options” and to build their
options technology to price call options in the event of a launch of
the CBOE. Leo Pomerance, the head of the DLJ options group, was
an options trader from the old school; he traded OTC options using
intuition and experience without regard to a formal model. He later
became the first chairman of the CBOE. At DLJ we forged a marriage
of the old-time trader types, with their mental set, with young math-
ematical modeling types, with their model assumptions, to add value
for the firm.

The spread of the option-valuation technology was rapid once the
CBOE launched its first contracts on listed securities. Initially, many of
the older-market-wise traders rejected using a model to price options.
And, initially prices were not in line with prices predicted from using
the Black-Scholes model adjusting for dividends and using relatively
simple estimates of volatility to price the options. This left an oppor-
tunity for younger model-based traders to step in and profit from price
discrepancies in the market. They used the model to price options
and to determine the appropriate hedge ratios to reduce the risk of
their positions. Generally, retaining these risks had zero present value
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because traders had little expertise in forecasting stock returns. By so
doing they could undertake larger positions and enhance their profits
by concentrating on risks that could add to their profits.

In Galai (1975), Dan Galai, one of my Ph.D. students as the
University of Chicago, where I had returned in 1973, tested the pric-
ing of options on the CBOE in the first year of its existence using
the model with simple historical estimates of the volatility. He found
that the profits on trading options; that is, buying undervalued con-
tracts and selling overvalued contracts each day to maintain a neutral
risk position, were even greater than those found in our original tests.
His strategies could achieve greater profits by reducing positions if the
prices of options return to model values prior to the expiration of the
contract. Transaction costs could have reduced actual trading profits
for other than the option dealers.

By the end of the first year of trading options, it was no longer
possible to use simple estimates of the historical volatility to spot
opportunities in the market. Many of the clearing firms, who financed
the positions of the option traders, used the model and the hedge
ratios to determine the net risk of each of these traders. Fischer had
started a service to provide option prices and the share-equivalent
positions (hedge ratios) on each of the options traded on the various
exchanges. He used a more sophisticated estimate of volatility to price
the options. He combined historical estimates adjusted for changes in
stock-market levels, with the volatility implied by the prices of options.
As is true even to this day, as the market-price level of securities
increases relative to a previous level over a relatively short period of
time, the volatility of stocks tends to fall. This result is due, in part,
to a reduction in the leverage of the underlying equities. Given the
rate of interest, the price of the common stock, the dividend yields, the
exercise price, and the maturity date of the option, the model can be
used to infer the implied volatility that the market is using to price the
option. In fact, even today, options are described in terms of implied
volatility. Traders are asked whether they want to buy or sell volatility.
Although his volatility estimates held some cache for a while, advanced
computer technology made Fischer’s pricing sheets obsolete after a few
years.
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In fact, Texas Instruments marketed a hand-held calculator in 1977
that gave the Black-Scholes model values and hedge ratios. When
I asked them for royalties, they replied that our work was in the public
domain; when I asked, at least, for a calculator, they suggested that
I buy one. I never did. Robert Merton and I continued to consult for
DLJ. Working with Mathew Gladstein, we decided that the time might
be appropriate to provide investors with a fund that protected their
downside risk but allowed for some upside participation in the perfor-
mance of the stock market. To achieve this goal, we decided that the
assets of the fund would be held in two parts: in any six-month period,
90% of the assets would be held in U.S. Treasury bills and 10% of the
assets would be used to buy a diversified portfolio of call options. In sev-
eral papers, Merton et al. (1978, 1982) simulated the performance char-
acteristics of such a strategy using the underlying stocks of the options
that were traded in the various markets. The return characteristics were
as predicted by the theory: losses were truncated and gains were less
than a direct investment in the underlying stocks. The returns on the
strategy were non-linearly related to the market. We always stressed
the role of options as insurance. In early 1976, we attempted to launch
Money Market/Options Investments under the auspices of Phoenix
Investment Counsel of Boston. Unfortunately, the fund raised only a
small amount of money. Our simulation results indicated that fully-
covered investment strategies; that is, a sale of an option on a position
in the underlying stock (for example, long 100 shares of IBM and short a
call option to buy 100 shares of IBM), would provide returns of only the
premium received on the option approximately 60% of the time. Call-
option holders would call their stock away if the stock price were above
the exercise price on expiration of the contract and would not exercise
call options if the stock price were below the exercise price at expiration.
This strategy produces higher current income but with the possibility
of capital losses just like a high-yield bond. The expected return, how-
ever, was less than the expected return on the money market-options
strategy. At about this time other investment companies marketed the
fully-covered strategy, which we thought exhibited inferior return char-
acteristics for most investors, and naturally, to our dismay, were quite
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successful because of the promises of higher income (but at the unad-
vertised expense of expected capital losses).

3.3 The Present

The past twenty years has seen a transformation of the entire financial
services industry, first in the United States, and now around the world.
During the 1970s and 1980s, regulations divided the activities of finan-
cial institutions into separate market segments. In the U.S., commer-
cial banks handled deposits and made commercial loans; investment
banks were involved in mergers, acquisitions and underwriting; broker-
age companies sold stocks and bonds; savings and loans, along with
banks, initiated and held mortgages; and, insurance companies sold
life, and property and casualty insurance products. Many of the regu-
lations were directed at preserving the profitability of these institutions
by restricting competition, mainly at the expense of the users of these
services. Each institution had a product focus; for example deposits,
or life insurance, or commercial loans. No financial company served a
broad range of its clients’ financial needs.

As happens at times, it is not possible for regulators to protect the
profitability of the industries they regulate. In the U.S., mutual funds
competed with banks in providing deposit services after banks were
not permitted to pay market interest rates on deposits in the early
1970s. The growth of institutional investors managing pension funds
and mutual funds forced the abolition of fixed commission rates to
trade securities in the U.S. and around the world. The larger broker-
age firms evolved to compete against the banks and the savings and
loan associations in packaging and repackaging mortgages to broaden
the extent of the market. Banks started to compete with brokerage,
investment banks, and insurance companies in financing commercial
real estate and financing highly-leveraged mergers and acquisitions,
so-called “Leveraged Buyouts.” It is nearly impossible to maintain reg-
ulations that restrict activities in one industry when new competitors
not subject to costly regulations are attacking the profitable businesses
of that industry.
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The driving force behind today’s tidal wave of financial innovation
has been the reduction in the cost of computer and communications
technology. This lower-cost technology has led to a globalization of
the product and financial markets. Corporate and institutional needs
have become more complex. Investors are demanding more services.
Technology brings new competitors to the market who can offer similar
and expanded services at lower cost than existing competitors can. The
growth of lower cost providers of brokerage services such as Schwab,
Fidelity, and Internet brokers are examples.

Financial service firms today must decide which clients to serve,
determine those clients’ needs and then decide which products and
services add value for their clients as well as their own shareholders.
Firms that were quite similar fifteen years ago have become very differ-
ent today. For instance, J.P. Morgan, a wholesale bank, today differs
far more from Citicorp, a retail bank than it did in the early 1980s.
Conversely, firms that were quite different from each other fifteen years
age have become quite similar today. It is hard to distinguish the activ-
ities of today’s J.P. Morgan from UBS, from Goldman Sachs or Merrill
Lynch. Meanwhile, A.I.G. and Travelers, both insurance companies,
these days offer a number of services that are similar to those offered by
Goldman Sachs or UBS. Investment banks no longer merely structure
and advise in transactions but instead have moved to a more packaged,
integrated, convenient financial-solutions approach, directed at solving
the complex problems of their clients around the world.

The many advances in financial theory have enabled financial ser-
vices firms to meet those complex needs more effectively and at lower
cost than was possible previously. The marriage of business school
and economics department graduates with engineers, mathematicians,
physicists and computer scientists has led to more efficient and lower-
cost financial engineering solutions to client problems.

To date, the major growth in the use of derivatives has been fueled
by trends toward securitization and the increased understanding of
the role that derivatives can play in the unbundling, packaging, and
transferring of risks. No longer do financial service firms only sell the
same products they buy from clients. Instead, they break the products
down into their component parts and either sell the parts or recombine
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them into new and hybrid custom-tailored financial instruments. And,
this unbundling and repackaging is only in the beginning stages of
evolution.

With information asymmetries between clients and their financial
service providers, it would be prohibitively expensive for a client to
develop close relations with many financial service firms. To be pro-
ductive, the financial service firm must learn the needs of its clients
and understand their businesses. As a result, it can be expert to only
a select client list. Clients find it inefficient to “shop” widely for new
financial service firms. Creating custom-tailored solutions strengthens
relations between the financial services firm and its clients. It would be
too costly for each client to replicate the specialized expertise required
to engineer financial theory solutions; such talent would be underuti-
lized most of the time. It would be analogous to every corporation main-
taining an entire full-service law firm on its premises. Notwithstanding
many regulators’ fears, it is not likely that all financial service firms
will disappear if left to compete in the global arena. Product standard-
ization will erode profits more quickly than in the past because more
diverse entities, such as General Electric or Enron or accounting firms
can compete in providing financial services using financial technology.
New competition will enter various markets from global competitors.
Although inefficient financial service firms will disappear more quickly
than in the past, their clients will obtain more value-enhancing and
less costly services from the remaining financial service firms. Financial
products are becoming so specialized that, for the most part, it would
be prohibitively expensive to trade them in organized markets.

Financial service firms have become the leaders in using derivatives
in their risk-management programs. Using information and option-
pricing technology, financial services firms can not only value their com-
mitments, such as guarantees and other derivative contracts, but also
are moving to understand the sensitivities of their holdings to various
market factors. They can decide what risks to transfer and what risks
to retain.

Tables 3.1 and 3.2 show the growth of derivative contracts trading
since 1986 in both the exchange industry and in the OTC industry. The
cells of the tables contain the “notional principal amounts outstanding”



438 Derivatives in a Dynamic Environment

T
ab

le
3.

1
M

ar
ke

ts
fo

r
Se

le
ct

ed
D

er
iv

at
iv

e
F
in

an
ci

al
In

st
ru

m
en

ts
:

N
ot

io
na

l
P

ri
nc

ip
al

A
m

ou
nt

s
O

ut
st

an
di

ng
:

19
86

–9
6

(I
n

bi
lli

on
s

of
U

.S
.

do
lla

rs
)

19
86

19
87

19
88

19
89

19
90

19
91

19
92

19
93

19
94

19
95

19
96

In
te

re
st

ra
te

fu
tu

re
s

37
0.

0
48

7.
7

89
5.

4
1,

20
0.

8
1,

45
4.

5
2,

15
6.

7
2,

91
3.

0
4,

95
8.

7
5,

77
7.

6
5,

86
3.

4
5,

93
1.

1
In

te
re

st
ra

te
op

ti
on

s1
14

6.
5

12
2.

6
27

9.
2

38
7.

9
59

9.
5

1,
07

2.
6

1,
38

5.
4

2,
36

2.
4

2,
62

3.
6

2,
74

1.
8

3,
27

7.
8

C
ur

re
nc

y
fu

tu
re

s
10

.2
14

.6
12

.1
16

.0
17

.0
18

.3
26

.5
34

.7
40

.1
38

.3
50

.3
C

ur
re

nc
y

op
ti

on
s1

39
.2

59
.5

48
.0

50
.2

56
.5

62
.9

71
.1

75
.6

55
.6

43
.2

46
.5

St
oc

k
m

ar
ke

t
in

de
x

fu
tu

re
s

14
.5

17
.8

27
.1

41
.3

69
.1

76
.0

79
.8

11
0.

0
12

7.
3

17
2.

2
19

8.
6

St
oc

k
m

ar
ke

t
in

de
x

op
ti

on
s1

37
.8

27
.7

42
.9

70
.7

93
.7

13
2.

8
15

8.
6

22
9.

7
23

8.
3

32
9.

3
38

0.
2

T
ot

al
61

8.
3

72
9.

9
1,

30
4.

8
1,

76
6.

9
2,

29
0.

4
3,

51
9.

3
4,

63
4.

4
7,

77
1.

1
8,

86
2.

5
9,

18
8.

2
9,

88
4.

6
N

or
th

A
m

er
ic

a
51

8.
1

57
8.

1
95

1.
7

1,
15

5.
8

1,
26

8.
5

2,
15

1.
7

2,
69

4.
7

4,
35

8.
6

4,
81

9.
5

4,
84

9.
6

4,
83

9.
7

E
ur

op
e

13
.1

13
.3

17
7.

7
25

1.
0

46
1.

2
71

0.
1

1,
11

4.
3

1,
77

7.
9

1,
83

1.
7

2,
24

1.
6

2,
83

1.
7

A
si

a-
P
ac

ifi
c

87
.0

13
8.

5
17

5.
4

36
0.

0
56

0.
5

65
7.

0
82

3.
5

1,
60

6.
0

2,
17

1.
8

1,
99

0.
1

2,
15

4.
0

O
th

er
0.

0
0.

0
0.

0
0.

1
0.

2
0.

5
1.

8
28

.7
39

.5
10

6.
8

59
.3

1
C

al
ls

pl
us

pu
ts

.



3.3. The Present 439

T
ab

le
3.

2
N

ot
io

na
l

P
ri

nc
ip

al
V

al
ue

of
O

ut
st

an
di

ng
In

te
re

st
R

at
e

an
d

C
ur

re
nc

y
Sw

ap
s

of
th

e
M

em
b
er

s
of

th
e

In
te

rn
at

io
na

l
Sw

ap
s

an
d

D
er

iv
at

iv
es

A
ss

oc
ia

ti
on

,
19

87
–J

un
e

19
96

(I
n

bi
lli

on
s

of
U

.S
.
do

lla
rs

)

19
87

19
88

19
89

19
90

19
91

19
92

19
93

19
94

19
95

Ju
ne

19
96

In
te

re
st

ra
te

sw
ap

s
A

ll
co

un
te

rp
ar

ti
es

68
2.

9
1,

10
1.

2
1,

50
2.

6
2,

31
1.

5
3,

06
5.

1
3,

85
0.

8
6,

17
7.

3
8,

81
5.

6
12

,8
10

.7
15

,5
84

.2
In

te
rb

an
k

(I
SD

A
m

em
be

r)
20

6.
6

34
1.

3
54

7.
1

90
9.

5
1,

34
2.

3
1,

88
0.

8
2,

96
7.

9
4,

53
3.

9
7,

10
0.

6
—

F
in

an
ci

al
In

st
it

ut
io

ns
30

0.
0

42
1.

3
57

9.
2

81
7.

1
98

5.
7

1,
06

1.
1

1,
71

5.
7

2,
14

4.
4

3,
43

5.
0

—
G

ov
er

nm
en

ts
1

47
.6

63
.2

76
.2

13
6.

9
16

5.
5

24
2.

8
32

7.
1

30
7.

6
50

0.
9

—
C

or
po

ra
ti

on
s2

12
8.

6
16

8.
9

29
5.

2
44

7.
9

57
1.

7
66

6.
2

1,
16

6.
6

1,
82

9.
8

1,
77

4.
2

—

C
ur

re
nc

y
sw

ap
s

A
ll

co
un

te
rp

ar
ti

es
(a

dj
us

te
d

fo
r

re
po

rt
in

g
of

bo
th

si
de

s)
18

2.
8

31
9.

6
44

9.
1

57
7.

5
80

7.
2

86
0.

4
89

9.
6

91
4.

8
1,

19
7.

4
1,

29
4.

7
In

te
re

st
ra

te
op

ti
on

s3
0.

0
32

7.
3

53
7.

3
56

1.
3

57
7.

2
63

4.
5

1,
39

7.
6

1,
57

2.
8

3,
70

4.
5

4,
19

0.
1

T
ot

al
86

5.
6

1,
65

7.
1

2,
48

9.
0

3,
45

0.
3

4,
44

9.
5

5,
34

5.
7

8,
47

4.
5

11
,3

03
.2

17
,7

12
.6

21
,0

68
.9

1
In

cl
ud

in
g

in
te

rn
at

io
na

l
in

st
it

ut
io

ns
.

2
In

cl
ud

in
g

ot
he

rs
.

3
In

cl
ud

in
g

ca
ps

,
co

lla
rs

,
flo

or
s,

an
d

sw
ap

ti
on

s.



440 Derivatives in a Dynamic Environment

for various categories of derivative contracts. For example, the face
amount of stock market index options (including call and put options)
at the end of 1986 stood at $37.8 billion and by the end of 1996 grew
to $380.2 billion.3

These tables indicate that the OTC market in derivatives has grown
much faster than the exchange market in the last 10 years. In 1995,
turnover on the major derivative exchanges around the world actu-
ally declined while OTC activity rose by 40 percent. The Bank for
International Settlements estimated that outstanding OTC contracts
exceeded $47.5 trillion in early 1995, much greater than the numbers
reported in Table 3.2. To put these values into perspective, the value
of all outstanding debt in Europe, Japan and North America totaled
$25.8 trillion in 1995.

The growth of the OTC market will continue to outstrip the growth
of the exchange market because the clients of the financial service
firms need assistance to structure their financial programs. The current
growth path is to provide more client-focused structured solutions to
problems. Clients likely would find it less expensive to execute a pro-
gram through their financial service firm than to execute it themselves
in the exchange market. This is even more likely if the positions must
be adjusted frequently to hedge risks.

Moreover, the relative growth of the OTC market is overstated
because the exchange markets require that entities post margin on con-
tracts each day. Futures contracts are settled at the end of each day.
Forward contracts, such as swaps and options written by OTC firms
such as caps and floors, are not settled each day. The product offerings
are different. The financial service firms and their counterparts rely on
each other’s credit. Most financial service firms can post collateral on

3 See “International Capital Markets, Developments, Prospects and Key Policy Issues,”
International Monetary Fund (September 1997) for the source of these statistics. The
notional amount outstanding is not an economic measure of the size of the market. The
notional amount of a swap or an option is the amount on which the contract is based.
It is not the value that the security would trade at in the market. For example, if a call
option to buy $100,000 of a major-market index trades at $5,000, the notional amount
is recorded as $100,000 while the economic value is only $5,000. The economic value of
swaps and options might be as low as 2% and 5% of the notional outstanding amounts of
the contracts. These statistics provide estimates of the growth of the derivative market.
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OTC contracts, which is very similar to settling the contracts as in the
case of posting margin on an exchange. These entities will use either
the financial futures and options markets or the OTC markets. They
will use the industry that provides services at lower cost. Many entities,
however, are not indifferent to posting collateral. In particular, many
OTC swap and option contracts have a financial entity and a corpo-
ration as counterparts because the corporation is willing to pay the
financial entity to post margin for it in the futures or options market.
That is, the financial services firm enters into a swap with a corporate
entity, which does not post collateral, and the financial service firm
hedges its market risk by entering into an offsetting swap with another
financial service firm or by using the exchange-derivatives industry. In
either case, the financial service firm posts collateral or margin on its
transactions. It is the lower cost producer of margin services. Financial
service firms have the capacity and the personnel to undertake the pric-
ing of credit risk and can handle these transactions; many corporate
entities currently do not.

To the extent that collateral is not posted on the obligation, one
consequence of these transactions is that the financial service firm and
the corporation are exposed to each other’s credit risk. The corpora-
tion buying a call option on an underlying debt instrument from the
financial service firm has credit risk to the extent of the value of the
call option. The financial service firm can fail to honor its obligation
to deliver the underlying debt instrument. The financial service firm
holding a put option, issued by the corporation, on the same debt
instrument is a creditor of the corporation to the extent of the value of
the put option. A swap contract, which states that the corporation will
receive a fixed rate of interest on an underlying debt instrument and
pay a floating rate of interest, is equivalent to the corporation being
long a call option and short a put option.

The other major reason that the OTC industry will continue to grow
faster than the exchange industry is that financial service firms and
others need only to hedge the remaining factor risks of their portfolio
positions, which is a far smaller amount than their gross contracting
with their clients. Moreover, depending on the costs, they can hedge
either with another financial service firm or in the exchange industry.
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The financial service firm that hedges factor risks retains the remaining
risk, the so-called “basis risk,” of its net positions.

Another reason for the growth of the OTC market has been that
the outstanding amounts in Table 3.2 do not necessarily represent net
exposures. It might be less expensive for a corporation or a financial
service firm to enter into an offsetting derivative contract with another
counterparty than it would be to unwind the initial contract. If it does,
the contract volume increases but the net exposure falls.

3.3.1 The Present: The Pathologies

From the perspective of market commentators, many regulators, and
the public, derivatives tend to top the list of suspects when the stock
market turns downward or when entities announce unanticipated finan-
cial losses. The press, the public and regulators fear derivatives, in part,
because they are new and, in part, because their growth has appeared
to be so explosive over the last ten years. Although they vastly overstate
the economic exposure, notional amounts as high as $45 trillion cause
worry. The press and others credit the market crash of 1987 to portfolio
insurance, an attempt to dynamically replicate the returns on options.
Even in this time, market pundits warn that forms of dynamic hedg-
ing could foster a severe market downturn. Widely publicized losses
attributed to derivative trading in the 1990s include: the leveraged-
derivative contracts issued by Bankers Trust to firms such as Procter
and Gamble and Gibson Greeting (over $150 million in losses); the loss
of $1.5 billion by Shell Sekiyu, the losses incurred by Orange County
investing in inverse floaters; the bankruptcy of Metallgesellschaft and
Barings Corporation (both over $1 billion in losses) and many other
losses by financial service firms such as UBS, Salomon Brothers, etc.
Obviously, many of these losses are overstated because there were gains
made by the other side to these contracts: It is only the dead-weight
costs to society that result in actual loss. For excellent discussions of the
entire range of purported pathologies and an excellent review of the lit-
erature addressing these issues see Miller (1997), who argues that most,
if not all, of the “diagnoses” of severe pathologies are misdiagnosed.
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Yet, the growth of these industries depicted in Tables 3.1 and 3.2
clearly suggests that these instruments have added net value. It is hard
to believe such growth could continue for so many years without value
being realized by the clients of financial service firms, the shareholders
of these firms and the exchanges. I have argued in Scholes (1995, 1996a)
that the development of financial infrastructure might lag financial
innovation. It is costly to develop controls and firm-wide understanding
of new products that are in the prototype phase of their development.
Prototypes are built using existing infrastructure. For an innovation
as long lasting and profitable as derivatives, the OTC industry, the
exchange industry and the academic industry find it profitable to build
the infrastructure necessary to support them. Each of these industries
has a vested interest in profiting from adding value that is sustain-
able, so each will attempt to invest in the cost-effective infrastructure
necessary to preserve this value.

This is not to argue that we have seen the end of derivative failures.
There will be losses sustained as in many other business activities. In
1997, the Governments of many countries in Asia could no longer sup-
port the losses of their financial institutions resulting from defaulted
commercial and real estate loans. Although many banks had been eco-
nomically bankrupt without the support of their Governments (that is;
the value of their equity would have been effectively zero without Gov-
ernment implicit guarantees), the Governments allowed these banks to
participate in any potential gains and sheltered them against bank runs
by promising to pay off their depositors. These options were costly to
society, and it will be difficult to prove that they were value enhancing.
In part, other countries, through the grants made by the International
Monetary Fund, as the lenders of last resort to these and other coun-
tries, may have written the put options that supported the activities
of the financial institutions of the region and granting these options
might have encouraged risk taking and even unprofitable activities.

Moreover, absent government guarantees, some brokerage houses
and banks in Japan probably would be bankrupt, because while these
entities had promised clients protection against loss on any decline in
value of Japanese stocks, they did not hedge their commitments. Clients
might have paid for these put options through higher commission rates
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in Japan. These Japanese financial service entities, however, suffered
severe losses when their clients exercised these put rights during the
decline in the value of Japanese stocks in the 1990s. The entities cur-
rently are not required to value their commitments on a mark-to-the-
market basis. As a result, neither regulators, nor investors nor even
senior management could deduce the financial condition of the entities.
In all probability, the extent of these losses could have been mitigated
if risk management policies had been put in place.

3.4 The Future

The future will be a continuation of the present. Financial innovation
will continue at the same or at even an accelerating pace because of the
insatiable demand for lower-cost, more efficient solutions to client prob-
lems. Information and financial technology will continue to expand and
so will the circle of understanding of how to use this technology. There is
value to investing in education. Financial service firms will expand the
use of this technology to manage their own activities. Otherwise, they
will have to face mergers with other financial service entities. Although
some would like to see derivatives wither in importance, they will not,
for they have become essential mechanisms in the tool kit of financial
innovation.

Scholes and Wolfson (1992) used the concepts of frictions and
restrictions to illustrate how tax rules and other regulations affect
investor and corporate behavior. As Merton (1992) argues, the func-
tions of a financial system change far less than institutions. Institutions
change because lower-cost solutions that reduce information asymme-
tries are found to facilitate transactions, to provide funding for large-
scale investment projects, to transfer savings across borders and into
the future, and provide more efficient risk-sharing and diversification
mechanisms.

Most financial instruments are derivative contracts in one form or
another. Black and Scholes (1973) pointed out that the equity holders
of a firm with debt in its capital structure have an option to buy back
the firm from its debt-holders at maturity of the debt. The high-yield
bond (the so-called “junk bond”) is a riskier debt-option contract than
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more-highly rated corporate debt. Corporate debt and equity contracts
are derivative to underlying investments. Other lines of research on so-
called “real options” indicate that even the investment decisions of
firms are better understood by using an option framework rather than
a more conventional present-value-analysis framework.

Standard debt and equity contracts are institutional arrangements
or boxes. They provide particular cash flows to investors with their own
particular risk and return characteristics. These institutional arrange-
ments survive only because they provide lower cost solutions than
competing alternative arrangements. Competitive opportunities evolve
over time with changing frictions and restrictions. Because of informa-
tion asymmetries and regulatory restrictions, investors might require a
higher rate of return to hold these standard-form contracts than con-
tracts (now and in the future) of alternative design but of similar risk.
Time will continue to blur the distinctions between debt and equity.

The firm’s investment set is generally the composite of coarse
bundles of payoffs. Firms issue claims to finance these activities, claims
that themselves represent bundles of coarse cash flows. It will become
more efficient for financial service firms to offer new derivative securi-
ties in various forms to break cash flows into finer gradients that can
be tailored to the specific needs of demanders and suppliers of capital.
In the process, dead-weight costs are mitigated, thereby reducing the
cost of capital. The financial service firm can sell the newly created
securities or retain them in whole or in part for its own account. It
can create new products on its own name or use the OTC or exchange
markets to hedge its risks. Given information asymmetries, it will use
the lower-cost solution.

3.4.1 Investor Demands

In recent years, we have witnessed a movement from a limited number of
investors holding an undiversified portfolio of their own home-country
securities to many more investors holding diversified portfolios domes-
tically and internationally. More and more investors around the world,
who have never invested in financial products other than through social
promises made by their governments, will become more willing to



446 Derivatives in a Dynamic Environment

select from a broad class of “mutual-fund” type offerings. Although
the diversity of products has grown, few tools are in place other than
in academic circles that allow investors to make informed portfolio allo-
cation decisions. As Franco Modigliani, the 1985 Nobel laureate, has
argued, individuals want to smooth consumption over the life cycle.
If it were more cost efficient, investors would want to insure against
contingencies, control risks more efficiently, and plan their investments
efficiently to meet life-cycle needs. As information and financial technol-
ogy become more easily available, financial service firms will repackage
investments to meet these investor demands, and this will spur finan-
cial innovation. The financial service firm will offer products in its own
name that promise specific risk and return patterns; these firms will
also offer products in the form of mutual funds. The classifications
of investment products into stock funds, bond funds, growth, income,
etc. will diminish in importance with reduced costs to understand risk,
return, and contingent payoffs.

Even today, the boxes that define institutional-fund arrangements
have blurred. For example, if a pension fund manager wants to achieve
a stock-index fund return, she can invest with an index-fund provider
that buys a diversified portfolio of the index-fund stocks. She can
achieve the same result, however, in myriad other ways including using
another manager who might claim to have expertise in the bond mar-
ket and can provide an enhanced return over the index-fund return.
To achieve this, the enhanced manager might undertake a complicated
strategy. He might hold a portfolio of undervalued corporate and gov-
ernment bonds, hedge the credit risk of the corporate bonds by selling
stock short, and hedge the price risk of interest rate movements by
using futures or options. He might buy stock-index futures to achieve
the systematic risk exposure of the stock-index fund. Given costs, the
manager might be able to produce a return in excess of that achieved
by holding the index fund directly while the systematic risks of the two
offerings would be exactly the same.

The exchange industry will compete with the OTC industry to
provide investment products. If the exchange industry can provide effi-
cient margining systems for those investors who can not post collateral
in a cost efficient manner, those products that become standardized will
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most likely be ideally suited for the exchange industry: it can address
a larger set of participants in a lower-cost marketplace. The exchange
industry complements the OTC industry; they will grow together.

3.4.2 Corporate Demands for Derivatives

Finance specialists have puzzled over the reasons why corporations
hedge the risks of their cash flows. Under classical finance theory, it
is often asked why shareholders of a firm pay it to incur costs to reduce
risk when they can diversify on their own account. The firm’s managers
should act as if the firm is risk neutral. Smith and Stulz (1985) pro-
vide three reasons, all tied to the cost of financial distress, why a firm
might hedge its cash flows. Because of the convexity of the tax sched-
ule, a firm might issue more debt only after hedging its cash flows to
reduce its expected operating losses and the resultant loss of tax bene-
fits. Because of bankruptcy costs associated with high levels of debt, the
firm that hedges can use more debt to finance its activities. As in Froot
et al. (1993), if the firm can hedge its cash flows, a reduction in the
probability of financial distress reduces the expected costs of financial
distress and, as a result, encourages investment in profitable projects
that might have been foregone without such hedging. This argument
is based on the observation that firms are reluctant to issue equity,
and, instead, use retained earnings to finance investments before using
the debt markets. Also, if a high-debt-to-equity firm were to become
financially distressed it would not be possible to issue equity to finance
business activities. Because owner-managers in smaller firms might not
be able to diversify their holdings, hedging the cash flows of the firm
might be a lower-cost alternative than selling off pieces of the firm to
outsiders and using the proceeds to diversify. If corporations face these
problems there are financial engineering solutions that might reduce
their import.

The corporate use of derivatives is not limited to hedging. Some
corporate financial strategists believe that they can outperform other
market participants in forecasting the direction of interest rates or com-
modity prices. Stulz (1996) argues that firms that have such financial
acumen can hedge their downside exposures by buying put options.
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This allows the financial officers of the firm to become more active
managers. By buying put options or by reducing systematic risks, they
can use more leverage and increase their personal stakes by reducing
the costs of financial distress. This tactical use of derivatives proba-
bly explains a significant part of the growth of the use of derivatives
attributable to financial service firms and corporations, as shown in
Tables 3.1 and 3.2.

As reported in Stulz (1996), empirical evidence gathered from sur-
veys of corporations indicates that large corporations without debt in
their capital structures hedge cash flows more so than smaller corpora-
tions. And, those corporations that do hedge lift their hedges from time
to time or do not fully hedge their exposures. It is these tactical uses
of derivatives, an attempt to “beat” the market using highly leveraged
strategies, that have been the cause of most of the reported financial
losses. Obviously, the successful tactical users of derivatives are most
often absent in press reports. It is unlikely, however, that corporate
officials, on average, can outperform other market participants.

Large firms hedge cash flows, in part, to smooth reported finan-
cial earnings with the hope those smoother earnings will boost their
price-to-earnings ratios. This might be a value-enhancing strategy if
market participants can not discern whether the variability in earnings
is caused by the firm’s taking systematic exposures to market factors
or by firm-specific risks.

The Present is still young. The Future will bring many new solutions
to solve corporate problems. Many corporations and financial entities
still need to learn and evaluate to what extent hedging and risk control
can be beneficial to their activities. Smaller firms and product markets
are just now becoming familiar with the risk control aspects of these
financial instruments. It may be surprising that in the United States
the top 8 banks account for 94% (almost $19 trillion) of the total out-
standing notional amount in the OTC market as of the end of 1996.4

As of this date, the knowledge base or the financial acumen needed to
financial engineer solutions to client problems is highly concentrated.

4 See International Monetary Fund, op. cit.



3.4. The Future 449

As in Scholes (1995, 1996a), I argue that corporations will use risk
management techniques to reduce their level of equity capital, and, as
a result of risk management techniques, some firms that would have
gone public will remain private. Equity capital is an expensive form
of financing. There are large differences between the knowledge base
of insiders and outsiders. Insiders can not fully divulge their plans to
outsiders for the fear that competitors will profit from this knowledge,
and generally must sell shares at a discount. Moreover, tax and other
considerations make the corporate form of undertaking activities in the
U.S. and in other countries very expensive.

Equity is a risk-management device. It is an “all purpose” risk cush-
ion. The more equity a firm has, the more it cushions itself against
outcomes that require it to go the capital markets in adverse times or
when it might have to divulge its confidential operating plans to outside
parties. Hedging, on the other hand, is targeted risk control. Hedging
requires more refined knowledge of the firm, and an understanding of
the interaction of investment returns and financing alternatives. More-
over, it requires that the firm be able to warrant to others that it will
maintain a strategy of hedging its activities to support higher levels of
debt. But as the costs to hedge fall relative to the costs of equity, firms
will substitute hedging for equity.

Moreover, hedging provides ancillary benefits as a measurement tool
to help calibrate how the firm is making money. In a diverse, decentral-
ized organization, management information systems might not divulge
the true source of profits within the organization; that is, did prof-
its arise because systematic risk exposures produced positive returns,
or because the entity possessed superior skills? Standard accounting
neither provides risk management reports which decompose profitabil-
ity into profits from market forces and profits from managerial efforts,
whether the firm is a manufacturing or a financial firm, nor does it
describe the sensitivities of the firm’s profit and loss to market factors.
As more entities use financial engineering skills, the current accounting
system will be under considerable pressure for change, as will many of
the current forms of regulations and restrictions.

Because of differences in the required knowledge of insiders and
outsiders, the growth of the private equities market has reduced the
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disclosure costs of becoming a public corporation. Private equity allows
expert management teams to leverage their activities. Private equity,
however, is still an inefficient form of financing compared with poten-
tial lower-cost solutions. Ways will be found through financial engi-
neering to provide private entities with the advantages of the public
market – risk sharing, liquidity, and pricing signals – while retaining
the advantages of the private market – lower disclosure and agency
costs. Financial engineering will foster the growth of the private corpo-
ration, and convert entities into alternative forms.

Many firms hedge interest rate movements, foreign currency expo-
sures, or commodity price exposures. Firms will learn to use stock-index
options or futures to reduce their risk exposures. The firm can reduce
the beta of its own stock by hedging stock-market risks. Moreover, with
this approach, the firm does not have to target risks. It can just hedge
its own market risks or other factor risks, or the general stock-market
risk that affect its stock price. This reduces the economic risks of the
firm to firm-specific risks, or residual risks, and reduces the need for
equity to cushion adverse outcomes.

I believe that the corporate form we know today will not be long-
lived. With more knowledge and a better understanding of the power
of financial engineering and of how to reduce asymmetric information
costs, the costs of using financial engineering solutions will continue to
fall. As more firms learn how to use these solutions, their profits will
be enhanced and more investment will follow the increase in demand.
Risk management is only a step in the direction of producing synthetic
entities.

The firm of the future might be an organizational form far different
from those used today. Some entities, such as electricity producers,
aircraft manufacturers and users, natural resource producers and users,
and financial service firms already are deciding what services to produce
and what risks to retain; what services to rent and what risks to shed,
based on their perceived competitive advantage.

Financial service firms are building large capital bases to make
markets around the world, and to put into practice specific knowledge
to engineer solutions for their clients on a global basis and to create
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long-lived derivative products for issue in their own names. Their profits
are made from modeling and understanding markets and providing
value-added solutions for clients. A risk-management system provides
information on what risks to keep and what risks to hedge. In addi-
tion, it provides a way to reduce information asymmetries between
senior management and employees, and to provide the incentive sys-
tem necessary to align the interests of the employees and the firm’s
shareholders.

A risk-management system must also address how a financial service
firm handles crisis situations. To preserve its franchise, a financial ser-
vice firm can insure against adverse price movements or unforeseen
contingencies by holding working capital as a reserve against adverse
liquidity needs. Alternatively, the financial service firm might be able
to buy options from the exchange markets or from the OTC markets
(for example, lines of credit) at a lower dead-weight cost to insure
against extreme price movements that could adversely affect its busi-
ness. Maybe regulatory bodies, in effect, provide lower cost insurance.

Because of tax and regulatory costs, financial-service firms might
find that working capital held in corporate form is too expensive relative
to other alternatives. For example, clients of financial-service firms hold
large quantities of passive wealth in mutual funds, insurance companies,
pension funds, and various trusts as investment vehicles for individ-
ual savings. Financial-service firms and other entities must hold work-
ing capital to insure against adverse contingencies. With options and
other forms of contingent capital arrangements, it will become possible
to mobilize the capital in these client passive investment vehicles and
reduce the dead-weight costs of the current system. This could lower
the cost of capital of financial-service firms and the cost of providing
financial services to their client base.

Once again, information and financial technology will expand to
reduce the costs of information asymmetries. Understanding and devel-
oping markets for credit derivatives, understanding the implications of
contingent capital options under asymmetric information, and under-
standing what is the most efficient mechanisms to hold capital will
change organizational forms, the boxes, and blur the distinctions
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between debt and equity, corporations and partnerships, and the
demanders and suppliers of capital. The evolution of option technology
will open up entire new institutional structures.

3.5 Conclusion

We started in the Past, the age of innocence, and we progressed to
the Present, the age of understanding, growth, and maturation. The
growth has not been without pains. A considerable amount of addi-
tional understanding and development awaits the users of the derivative
technology in the Future – the age of excitement. Advances in commu-
nications and computing technology will allow for greater reduction in
asymmetric information costs. The future growth of innovation using
the option-pricing technology will be as great or greater than in the
past. Organizational forms will change dramatically in a global envi-
ronment. The exchange industry will continue to grow; the OTC indus-
try will continue to grow, and the research necessary by academics and
practitioners to understand and to foster the evolution will be so great
that the academic industry will become more important than in the
past. The need for highly trained and skilled practitioners that under-
stand the technology will continue to increase on a global basis. None of
these three industries has retained its past form and none will retain its
present form. These economic organizational forms always will evolve
and respond to the demands of economic agents.

The capital asset pricing model, arbitrage and capital structure
models, and the efficient markets hypothesis introduced me to key
finance concepts that were the genesis of our development of the option-
pricing technology. In a world of information asymmetries, derivative
instruments provide lower-cost solutions to financial contracting prob-
lems in a dynamic environment and these lower-cost solutions enhance
economic efficiency.
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